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Abstract 


Handwriting production H viewed us a constrained modulation of an underlying oscillatory process. 
Coupled usrillaliuns in horizontal and vertical dticcLinns product teller forms* and when superimposed on a 
rightward constant velocity horizontal ^crp revisit in spatially separated letter, Modulation of die vertical 
•*< i hi linn •' re v an si h c for ea-nrol of Icttc? . ; In ciik- ;' :u;..n alia iiy : •„• 1*104. -nc- 01 altering die 
aceelgraSitm amplitude. Modulation of UMr tum/unul usEcllatitwi in rcfipnnsibtc for cyuLml of corner shape 
through altering, phase or amplitude, 

Tht vertical velocity zero crossing in die velocity space diagram is important. farm die standpoint of 
control- Changing the horl/unLiil velocity value at this zero crossing controls corner shape, and such changes 
can be effected through modifying the horizontal oaritbukra amplitude and phase. Changing, the slope at 
diis zero crossing controls writing slant: this slope depends on the horizontal and vertical velocity amplitudes 
unci cm the relative phase difference. Letter height modulation is also best applied at the vertical velocity 
zero crossing to preserve 3n even baseline. Ihc corner shape and skint constraints completely determine the 
amplitude and phase relations between [he two oscillations. Under these constraints interietter separation is 
not an independent parameter. 

This theory applies generally Lei a number trf acceleration oscillation patterns such us sinusoidal, reetan 
guLar and Lrapemidat oscillations. The oscillation theory also provides an explanation for how handwriting 
might degenerate with speed. 

An implementation of the theory in the contest of the 'Spring musde model is developed. Here onusoidal 
oscillationi arise Itom a purely mechanical sources: orthogonal antagonistic spring pairs generate particular 
cycloids depending on ihc initial conditions, Modulating bet wen cycloids can he achieved by changing the 
spring zero settings at the appropriate times. Frequency can he modulated either by shifting between coariiva- 
ri:' m'. -i-i:J alternating aCLivatilHl of lilC UfilagunEstk springs or by pfCSttfltiflg; variable spring nmsLanl springs. 

An acceleration and p^isiiitm measuring apparatus was developed for measurements of human handwrit 
ling, Measurements of human writing are consistent with [he oscillation theory. 

I( ts shown that the minimum energy movement for die spring muscle model is hiing-cuasr-bang, Kor 
certain parameter values a singular air solution can he shown m be minimizing, l-xpenmcntal ivnsiircmeuis 
IkiwCvCf indreatc that handwriting is not a minimum energy movement. 


2 


AtkiujMlcdgmenlt 


I n Wi; a jcbl of gratitude to IXivid Mjkt for supervising dm research and for his infelinus en- 
UiLisiiiHiTi. ] would also like to thank m> readers Eimilio Hi™ for invaluable adduc in later slagcs of the diesis 
llenhold Horn for jnersive comments, and Murray Eden for perspective on the research. 

A number of people made significantcontributions to die success of this effort. Mite Finwles introduced 
me to die techniques of modern, cum mi dieory and pointed out its :ippti»t:ijb3liiE..v to this TL‘Seanch KTed 
Drenkhatn played n key role in building the electronics to the nccckromcter apparatus and in maintaining the 
VIC ARM. John Purbrick built the pen attachment to the VICAKM. The eaperlcraftsmaniiliip that went Lorn 
the construction for the accelerometer apparatus by Ijuracio Garabrm made accurate measurement fCiBnbte, 
Mine Raabofiiind Milcc Itrady provided constructive criticisms. 

LffiUy h [ wish to thank Patrick Winston for arranging funding for this research. 1 u all the members of the 
Al lab, and especially to those who have delighted in die grape with me, E extend my gratitude for creating a 
vital and high calibre atmosphere that greatly facilitated research. 


'luble of Contents 


1. [r-truductioti 5 

2. An Oscillation Theory of Handwriting 10 

2.1 Cycloidal Writing 10 

2.2 Control of Writing Slant 17 

2 J Alternate Oscillation Patterns 21 

2,4 NonorthoBajutl Writing Artes 22 

3. Handwriting under a Spring Model 26 

3. L The Spring Muscle Modd 26 

3.2 M odulaling I ellcr Shape and Height with Spring 31 

3.3 Variable Spring Constant Model 37 

3.4 Coaeti vat ton Versus Alternate Activation 40 

4. Experimental Measuremen cs with 1 Inmans 42 

4.1 T^e Piperimentul Apparatus 42 

4.2 Measurements of Handwriting 43 

4.5 Discussion of Results 34 

5. 'Tlhc Minimum Energy Movement 61 

3.2 Spring Monde Model Solution 61 

5.2 Spring Model Relaxations 70 

6. Concluding Remarks. 75 

ReterCm:£S 79 

Appendices HI 


4 


C h u pi lt L [nlroduetion 


Hits report. addresses (hr rmnor coning of handwriting, 'JTic gual has been to arrive at u defiled under- 
standlfigof UlC motur programs underlying UlC production of divCO*.- letter shapes. A Ui^ory of handwriting 
production is presented iMl views handwriting iis ;l constrained modulation of an underlying oscillatory 
process* Coupled oscillations in horiHjntal and vertical directions produce letter fumis, and when superim¬ 
posed on a rightward constant velocity horfruntal sweep result in spatially separated letters. MuduLalign of the 
vertical uscillaLiori is resp^jnstblc for Control ul letter height, either through all.:; mg the frequency or altering 
the acceleration amplitude, Modulation of die horizontal oscillation is responsible for control of corner shape 
through altering phase or amplitude, 'Hie horizontal sweep velocity is presumed not to modulate. 

In u ndersiandihg handwriting. aintrol die vclooiLy space diagram,, which is a plot of horizontal velocity 
versus vertical velocity, is an important tool. One puint in particular, the vertical velocity zero crossing, seems 
impnrtani from the standpoint tif control, Changing ihc horizontal velocity value at this zero crossing controls 
corner shape, and such changes can he cITccied through modifying die horizon la] usnlhuion amplitude and 
phase. 

Writing slant cun he explained m this theory os an artifact of coupled nrthogorutl oscillations* and is 
dependent on the horizontal nrd vertical velocity amplitudes and (he relative phase difference, line slant angle 
is given by the tangent to the velocity space diagram at die vertical velocity yjero crossing. Merely by altering 
tllC slope and intercept a I Lius aero crossing tliercfurc one obtains control of two of the important features of 
letter shape. 

Since modulating letter height or corner shape ordinarily results in velocity amplitude and phase changes, 
oil applied modulation tan be expected Eo dlaitgc writing slanl. A consis|en| writing slum is presumably a 
stylistic constraint in handwriting, and iL would mil he considered .lercptahle writing if for CVatnplc hill letters 
were darned randomly or if gill Vieci* like J's. were Earned difTcrciuly from silent leueis like e L s. Thus iherc 
ore const rairm on moduliuions to preserve writing slant, together wrth turner shape eon strain ls. for example 
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making sure nisi has. a loop tup corner of the opprcipriaLe fullness. theslantconstraint completely deicnnincE 
die amplitude and phase relations hei*ecu the two oscillations. Under these constraints inlcrlccccr separation 
ftnuLan indcpeiKicnL pitramcicr, Lzcttcr height modulation is hest applied at zero vertical velocity to preserre 
an even baseline, IT applied at die bottom corner upper zone letters such as* and A can be produced: if applied 
at UlC top comer lower Mile letters Such AS g And- b eau be produced. I"hc writing slant constrain L suggests 
that frequency modulation is preferable m uccekTution amplitude modulation u>r the vertical oscillation for 
letter heigh l. Ttic slant measure is. independent of Frequency „ and if letter height can be modulated through 
frequency alone then there would nut he any problem in preserving writing slant Unfortunately the corner 
shape constraint usually requires a modulation of the horizontal oi-ilbtkm amplitude and phase as well as of 
the frequency during letter height modulation but in some sense a frequency modulation fur letter height is 
easier ns control Hum an amplitude modulation for letter height, l-qscrimeirts cm human handwriting Show 
tliat people use a mixture of frequency and amplitude modulation for letter height, but that the frequency 
modulation is ihc demiHunt contributor to letter height. 

Ibis theory* which applies generally to a number of acceleration oscillation patterns such us rectangular 
and (rapcwiidul oscillations, has been particularized to- sinusoids for mathematical convenience. Sinusoidal 
bused itscdlations pniducc writing that belongs to the class of cycloidal curves. Hie process nf modulation can 
be considered as one ofshifting between different cycloids. 

To explain one way in which die human motor system might implement this theory □ spring muscle 
model is invoked This DthKfd likens die actum of muscle to a spring with variable zero selling. The amount 
(if force generated by the musk can he changed merely by coinmHing the zero setting, which is identified 
with changing the firing rate of the d-IUMOrncuroni. Willi this spring muscle model a sinuSiiidi'il oscillation 
Arises Irom a purely mechanical source. since antagonistic springs lorm a harmonic tBcillatctr. Orthtigonul 
Antagonistic spring pairs general;: f*u Liculur cycloids depending on the initial ci Hid it ions. ModuliiLtng helwen 
cycloids cun he achieved by changing Lhc spring zero settings at Lhc appropriate times, 

f requency modulation m a fined spring constant model can only he achieved in o restricted way . By 
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hdwccn cn.urciv^cinti and alternating, activation of the antagonistic springs a frequency modulation 
fmipiiniiiMtal to \/l cart be obtained. Kar more flexible frequency modulation one has to presume a variable 
silliness spring, with the zero Selling changing not uoily the amount nf applied force hut also the spring con¬ 
stant. Under a variable stiffness spring model it is possible to modulate frequency arbitrarily and to satisfy 
as well die constraints imposed by slant constancy and corner shaping. Measurements on human subjects 
indicate a frequency modulatum ns die bread neiglthfiihurnd of y/2 in gcjicg between (all and short letters, 

The oscillation theory was tested by means of a special apparatus for measuring handwriting of huma.n 
Subjects. An i-y sliding rail System with fi degrees- of freedom was mounted with accelerometers, and a 
special holder incorporated a wi lling tablet pen. Acceleration and position are direct measurements, with Mm 
apparatus, and velocity is obtained by processing one of these signals, 

Measurements of human writing nre consistent with die oscillation cheoty. Hie assumption of a constant 
velocity horizontal sweep is substantiated by die data. Subjects demonstrate sin at constancy a nd comer shape 
control during letter hcighi modulation ns evidenced, in their velocity space diagrams; the vertical velocity 
zero crossings, remain constant both in intercept and in slope. 'Ibe underlying oscillation panem seen in 
human subjects is somewhat equivocal: sonic appear sinusoidal, others are trapezoidal, and a few are almost 
rectangular. 

The ntidllatiurt theory provides an explanation for how handwriting, might degenerate with speed. If erne 
presumes that the difficulty in producing a particular kiiCT shape is related to die itLiiitbcr and die severity of 
phase, frequency, and amplitude modulations. Mien, it can be predicted that difficult modulations would he 
abbreviated and dial the resultant writing would he simplified. The one modulation which yields die greatest 
difficulty is a transition between Clockwise ami aainititinc k wise movement, such as bet won an c and and n or 
within n fetter such as an h or a p. f have observed that fust writers eliminate nil clockwise movements, Rather 
than sending fast writers lit rural communes for rehabilitation, the culprit seems m be die Palmer script itself 
which is not tailored for speed, ll is possible to design li cursive script lhaL eliminates cluck wise movement and 
which docs not degenerate with speed 


In1nnrii:rliixi 


s 


9n ?i separate chapter it is shown that line minimum energy movement for the spring nwsclt intsdcl is 
b.'ins-masc-liime. For certain parameter values a singular jtt aikicUm can be shown m l^e minimizing. If 
handwriting were a minimum energy movement, one would expect a roughly tr-npc^oidil ostilluLboiii pattern. 
The acceleration amplitudes would always be at maximum, and letter height modulation would he achieved 
solely through frequency modulation. Sntu.ll handwriting would also he executed faster than large handwrit- 
iitg. Unfortunately experimental jncasuretncni&dn not bear out ibcrar cKjiet:taLion&. I he speed of d.mdwi Li g, 
is independent of waiting sire. Amplitude modulation liar letter height occurs us well us frequency pululaiion. 
iync can conclude that handwriting is not a minimum energy movement. 

Htn/ilwriSifig and RtvmtcfttfHfcilf Complexity 

The oscillation theory is a descrjplion of handwriting trajectnrics and of the constraints dlat, apply in their 
formation. It says nol-iing ahuut how the biological agent arranges itsjjuimx limbs, and muscles to satisfy the 
trajectory cthTtsiraims. Although tins report docs not address this question it is nevertheless useful to outsider 
what pmUfilK the agem musL solve to implement this theory. Jhc agent is required by die theory to provide 
three functional degrees of frecdimi, one each lor the orthugrmal limi/untiil and vertical ifscillations and a 
third for the horizontal sweep. A functional degree of freedom may or may not conform to a particular jo-nt, 
it could anse from a synergistic net hr of a number tit muscles and join is. Human subjects show a hcwildeiing 
variety of mock and joint usage in handwriting; the particular choice of mechanical arrangement is not 
important lb lung as the arrangement can satisfy die mnslraints «f the theory. In a sense die green mechanical 
complexity of the hand serves not to Com plicate handwriting but to provide a variety of configurations. 

Is is abas up to the agent to ensure ihui the motion remains planar a ltd that the writing implement remains 
cut the wrililijj surface with it particular pressure. Some adjustment of the lunerfonal syneigy is therefore 
rcquirud depending CTl lire Tange of joint extension. A further w implex ily is the requirement of holding the 
writing implement. The holding has to adapt toclwnginBjniiii angles: human subjects find it necessary to 
noil itw writing implement between fingers; and thumb lor this purpuse, lastly, gross positioning moments 
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between wwd-v between Jiiic*, and far dotting is and crossing fs arc required but which Ik: outside the scope 
of the theory. 

R dated Work 

It is significant that an cvoluiionarily advanced system, the human band, seems to use a philogcnetieaEljr 
old method ol'moLor ccjnlml fur handwriting. file notion of oscillators and of modulations tLi the oscillators 
ties handwriting to luCCUlfation [Grillncr 397^1. The degree to which the handwriting oscillators arise from a 
mechanical source iw from active prngramming needs to be drier™ aed before nne tan ask about die location 
of ilw oscillatory for example, whether iho usLillaiors share £1 spinal cord or brainstem location with the more 
primitive locoinoticut oscilkitor;. 

With regard to past bnndwriling research, Lhe focus has been mure descriptive than il has hcen generative. 
Initial efforts were aimed at devising a measurement apparatus. Such as spin k marking of tcledcllhos paper 
with an iron StylusJDcukf van der Gun and Ibnring l%5] and an electrolytic water lank ]Mcl>imtld 1%$ 
and Yasuhara 1975), Yasuhara [L975J attempted to interpret HMG measurement-"? as forte data. Herbst and 
l.iu 11977) devised a pen with accelerometer mountings. Crane and Savoie 11977) mounted Strain gauges onto a 
membrane which was distorted by a pen shaft dining writing, 

t he approach to modelling a handwriting trajectory has usually been a curve fitting to measured or 
inferred accderatimis. Meimelstem and Hden ||Wi4] segmented writing far fitting with quarter sine waves, 
firmer v.m der ( ion and 'Ibnring |1%5] assumed a rcCLiingnllar form fa the accelerations. McDonald [!96fi] fit 
tiapvv.iuds tu the accelerations, Y.isiih.ir.i [IT’S] assumed an exponential use and decay time to an acceleration 
plateau. The end result of this, process is a list of acceleration htiTsI durations and amplitudes which when 
applied Lo flic ciirrcfNmding model yields synthetic writing close to die measured human handwriting. 

Given the gnc.iL biomechanical complexity of joints and muscles, any simple exercise in exact duplication 
of a particular human handwritten word would seem faille. It k also unclear dial curve fining wiib suc¬ 
cessively ihLhtc baroque models adds more enlightenment tn how the human iiiotuf system accomplishes 


handwriting. 


Cii up ter 1 Ail OwiHulKin I be on ofMimctw riling 


There htt many strategics by v-hich ncctlcraticjns can he (ashtoned to produce acceptable handwriting. A 
particularly parsimonious view is iAl'H handlwTilirg is produced by orthogonal oscillations hoii,ftjntaJ and v«ih 
cal in the plane of ihc writing surface, and that ihese lw« oscillations are superimposed on a constant velocity 
rightward bnnziinLaJ sweep. The orthogonal oscilLations are responsible for producing letter shape, while the 
hpnmutal sweep strings these fcttcre out into a rightward moving toon. The ositiaiiuns are modulated in 
certain wjvs and At specific points in produce Lhe shapes characteristic of the KngUsh Palmer script. 

ft is tfudiemaLicdtly convenient to model the oscillations by -sinusoids, although Uic main conclusions 
presented in this chapter hold for other oscillation patterns such as trapfflfflieb and rectangles. Another reason 
for selecting sinusoids ts that in Chapter 2 It will be seen mar a spring muscle model leads to a harmonic 

use ilia tor- 

11 Cycloidal Writhe 

The cqn.'itions governing the iwcillatltms in ihc velocity domain can be written k 

x = a fiin(u? r [l — ^i) 'Pi) + < j2,I) 

y TE t-Sinfu^l — f?i) + 

^hcre n and fr arc Lhc horiMJntal and vertical velocity amplitudes, w, and are ihc bunwiitial and vertical 
frequencies. ^ and arc Use horbniital and vertical phases, t is ihc Lime with respect to ihc reference rime to. 
and r. is. the magnitude lkT die huri/onral sweep. 

■j licse velocity equations when integrated yield a syshM [lawrente W 2], Consider fur the moment die 
case vhcrc a = b * c, i* = ui v . and ^ — tt/ 2. The resulting cycloid can be ihouelrt of as ihc curve 
(raced by a point on a rim of a disc rolling on a plane. When e < a the tracing prim ts on a rotol estensiun 
lo the disc und the curve Is called o wrfutc nrlwd- When c > nihc tracing puinl Ls inside the rim and yields a 



II 


Ar. Oscillfll mu 'I'nL’i:: j nr 1 tnrLu'rihn): 



c ? a 



Figure 11, The trip curve represents .1 cjcftHd. the middle curve a uutLjLl' cycloid. iind the buLLom 
curve a pruljl" cycloid. 

j'uyHHf cwk/ ixi. ftcprcscntativc corves of each type anc shijwsi in Figure 1]. We already see in these curves the 
infclinp of basic handwriting partem^ An ordinary cycloid yields strokes with u sharp top corner, such as is 
found in t', u, and w. A prolate cycloid yields iop loops as in die Icneir e. A curtate cycloid yields rounded cup 
corners whirtt are related to rounded cornels in h. m, and n, hue which are not fully apparent in Lhis Figure. 

The velocity L-qualii ms represent an ellipse centered ;il ‘ c, 0). I he Lilt ra .usd eccentricity e arc derived 
Mu*, '|he parametric velocity equations 2,1 become when t is eliminated: 

ii J r“ — 2o6cns ^ iy 4- — a%^ sin" <? = 0 

It is shown in (Thnmus] that fora second decree polynomial Ax* -f- /ijy + CV + F = 0 the xy term results 
fpitn a rotacinn of an ellipse. The aotoimi of rotatiufl -a is given by col 2a = [C — A}fD. or: 



Ar Gtarillalimi Thuiir, irf !landwnuil& 
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col 2a — 


ii a — a? 

2ab Lflf 0 


(22) 


|[ is forther shown i» [TlwniaaJ that a rotation t£> set ihc iej term to ireno gives an ellipse A"i' 2 + Cy' 2 + 


F' = 0 whose coefficients Satisfy the relations .4’ + C* — A -f- C and —-4.4'C’ = H 2 — ■MC. Ibcsc iwn 
relations may be used no solve for (he new coefficients^' and C\ 


A‘= -[ a 2 +b* + Q) 
C' - 




(2.3) 


ITic effect u^r^cuing a ^ b in to (urn foe velocity spare circle into un ellipse. The phase angle £ changes bofo 
foe eccentricity arid foe till of (his ellipse. [n position space the sinusoidal portion of the integrated equations 
(2.1 > represents an ellipse with (be same eccentricity and lilt as the velocity Spate ellipse, hut with a phase lug 
uf90 degree^ 

The effect of phase shift on die velocity spnoc ellipse is illustrated in (he sequence in Figure 22. As 
die phase shifts ftmll 90" to —HD", die ellipse changes it&liU and eccentricity. ‘ITlC ellipse corresponding to 
0 = —3<y' has a clockwise rotation sense, foe similar shaped ellipse wiih ^ ™ 30^ a counleickiekwisc sense. 
Swindling between puuinertkn-kwisc and clockwise movement reverses the sense of top and hottom cornern, 
I he Slurp Lop corners of letters such as u and i become the sharp bottom corners such as m and n. 

The rmpurtunce of tim List Figure Is that it shows that merely by setting up different initial conditions 
ji train oFllic basic kite r shapes in handwriting is produced. Ibcsc basic shapes Can be categorized us JoOp, 
Sharp, iind rounded top comas, Ity moaiil.iarc tin oscillation ill specific times ill die circle and wi|h specific 
phase and amplitude changes Ute tiscillation iraht can be iraiisfunited from (me bask- pattern of shapes into 
iinolhcr basic: pattern, For example, Figure 2.2 indicates that If the phase could be tillered (W Could obtain a 
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l-ipun 1 U. Phase iiwNtulii tif u ^u-IcimI wiili jvirmu-lcrs a. = b = in, The iihue*- .duf'is are: 

(a) *Jtj depute, (h> Ni if^hw (i> .ill ckpwK. (Ut 0 dirgnw and hr) ->n tkjftw. 
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tuilorcci sequence of top cornershapes. It is also clear tli-n by modulating the vertical velocity amplitude letter 
height could he controlled. 

( ttf the vertical Khvify zrro criming 

The important parjiuetcr influencing letter shape is not actually pliosc change- hot die value of die 
hari/ontot velocity at the vertical velocity i'ero crossing. Hie vertical velocity is wro at the top comer when 

_ (,j] + ^ = (2n + J)tr The value of the horizontal velocity at tills ?cro cruising 

j = c — a ain (2- 4] 

When this x is /.cm a sharp lop cornet results. I ho mote negative this value, die fuller the tup loop. I he 
more positive this value, die rounder the top corner, A clockwise movement bos the effect of reverting the 
•sense of Lop and bottom corner, lo illustrate that die vertical velocity zero crossing is primarily responsible fur 
corner Shape, the sequence of t\ ill figure U mil have the same zero rmsahg hut differ in velocity amplitude 
and phase stiifl. It Can l>C seen that except for letter height the top comer shape is maintained. 

To transform one cycloidal pattern into jntnher cycloidol pattern. phase and amplitude modulations of 
die horiomtal oscillator have to be applied at appropriate times and at the appropriate levels. It H conceiv¬ 
able dial a modulation of the verticil oscillation could assist the shape transformation such as Through a 
phase Change, hut there would he added complications of keeping an even baseline and of reflating letter 
height, l-'ornhirpemodul. lkm in which letter height docs not charge, therefore, it is presumed that horizontal 
oscillation modulaliOil alone occur!. 

As an example of shape control hy altering the vertical velocity zero crossing, an « cycloid in Figure 
2.4 has been modulated to give the sequence cune. The parameters of die modulutinns to the horizontal 
oscillation arc presented in Table: IS. Frequency was set at 5 Hz: the vertical velocity amplitude was 
npn/scc. 'I'lie units arc of course arbitrary, but they hiivc a rough physiological correspondence. 


IS 


An Orf/iIlMicfi Ihtorv of lla-idwmifft 



l : igHre 2Jl C>cIukIs juncnilcd will <1 = b. t = SO. and mill a ludmihh venial eekuHiy jcki 
tnctswii[i at e —isam-p = —tl.Gd hi ie differem phase cvlaimns, mcltt'aic ;i slniilHf tup ewfnef 
shape. HiiBi mp (miner ishape is (Miniunlj' awi mailed by llm 1 zero viottlnf iiKiiMil of .he phase 
ilillerinie, (A) 4 = 30". a - eO-'W: (Fit - 45*. a +B.31?. fCl i — 60". a = AO; ID) 
#= n a . a - 35 - 16 . 


Table 2.1 

lime 


a 

e — a sin <m 

O.fKI sets 

4J.66 -decrees 

65.1 <5 m in/scc 

- 25 JQQ mm/set 

0.2 J! sees 

I7.fl.'5 degrees 

6tf.2ft mm/see 

0,00 mm/scc 

0.M sees 

-?.50 decrees 

75.64 mm /see 

29.87 mm/sec 

0,95 sets 

.10.94 degrees 

87.46 mm/sec 

25.00 mm/set 


Ti» devise (he mudnlniions. a particular value fur (he verlic^J velueity /.en.i ertitisiiip wliih is ihc last 
LHilumn iit Tiilble 3.1, wiLt chosen fitr producing ;i pailieul.ir turner lypc, .\rfri[r;try values IVir a and tf> were (hen 
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['i",iru 14, MudulnLian uf ibv x tHdttalb* by adjusting Ihe venirnl vclin-iiy rent nttenin^ f) 
this sequence- t-uTi*. Above iftc u riling, cvirve A k die wrtknl vdcxily. curve b -he hrun^ufltil 
vdi tdr y. 


chosen consistent with the desired zero trussing; value. ftuiminin& the Iasi column in i able 2.L die effect* of 
the various mod u la Cions on shape can be seen. Ihe first modulatkm at 0.23 seconds results in a zero erossinj* 
value of 0.00 mfri/socL hence a slump top corner is obtained. 'Jhc second modulation gives u positive zero 
cHissInt and ■' rounded top corner, l-lnatly die urigi not f cycloid Is obtained through a modulation that yields a 
zero cniw-Miig, value of-i5.(W m m/sec, 

Mftduiatifnt of Letter Height 

I <([er bright may he modulated by changing cither the vertical acceleration amplitude or (he frequency 
of oscillation, To preserve an even baseline, die modulation is best applied ai points of rtto vertical verity. 
*hkh occur at the lifp and bidlom corners, if die puini of mudolaiion i* il hoLiom corner, mil loiters such 
as t and A tail be produced. If the pomL of modulnliutl is a top corner, lower /one letters Sl>ch os g and V 
on he produced. An example of amplitude modulation to iLchicve tli IlcrcnL leucr heights Is ilhislrated by die 
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An C-M-illaimii Jhwiry of I luuUriliftE 



I'iuatt 2.5, Modulation uf" Lltv vvfLieal ifieilaLiun ;H points of ivW Mistical sekjcrlj yields tJtfTwerl 
letlur heights by u pnnCT of jmpliLiuk moduluLiun wilhtHil phase change. 


alternating patterns uf d in Figure 2.5, Since die horujonuil oedllatfcrn is unchanged and since die vertical 
phase duct not change because die irvuduialkiti was applied at a point uf ?cto vertical velocity, aimer shape 
h.K been preserved during this height modulalion, Ihe veined* space ellipses corresponding io the e's and Ts 
in Figure 2.5 are seen to have the same iero crossings. 

12 1 'oni ml oF Writing Slant 

A salient feature uf Figure 2.5 is Ihe difference in writing slant hetween the e’s and i’s, Indicating Hint 
V- ill I/' '.till F si: ■■■. ■/■ .1 I'm i: 11 I I' |Ik ■ - li' ■u'- :Vi.111 c 1C -Pc hi i.f 11 I .in! '■■; l li I ::-c 1 ;.f,i-> eil! 
unllugullally, yet slanted wriling results from Lhdr comhinatiuiL 

I ii investigate the tiiigi n (if writing slant, a psych nphysical ex peri men! was performed Ui ohl.iin a measure 
Ibr writing slant, A group of subjects were ^sked lo estimate writing slant in an assortment of lop cusp cycloids. 
I "he subjects chose * iih a high degree of agreement one of twustraicgies in estimating slant depending on the 
mtcrprcLiLion uf Lhc cycloid. I f the cycloid was interpreted as a chain of u's, the slant was Ltk.cn as the line 
from the hollom minimum pi nit In the bisector uf the line jnlni lit; the two top points (Figure 2.&AI, If Ihe 
eye In id Weis imcTprelcd as a chain of i\ subjects bisected Lite "angle" of [lie ciuf. Mure exucily. the midpoints 
uf hdriMuiial Hurt joining the u|1|Hkmic arks of [lie cusp were cumiated (Figure 2.IYII). These midpoints form 








Aii (filiation I1icai> of llaodunuivs 
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VijjuTt tf<. T*u different methwfr puupk icsc m cslimaling writing slant, if perceived as a n. 
$4i bjuels iec method {*■'?, if perceived as an i, meiltod (B>. 


a. straight: Ue with sla nt ^ given by : 


w--— M 

a cos p 

Surprisingly this slant k the same as computed in Injure 2^5 A; this sJailt is also the sume as the tangent at the 
cusp point- 

ITiis slant measure may be gcnci-dlued io other whiing shapes which do not have sharp top corners such 
iis e's, it os measure corresponds to the slope li-T the velocity sp^ee ellipse at ihc vertical velocity crossing. 
Hut importance nf dvis measure is dial it shows writing slim is jib jirtifoct uf an orthogonal usd nation system. 
I'he wfiltnjp, slant changes ns the lionv.onuil velocity n, the verticil velocity i. and the phose difference (in vary. 
Jtccsumininglhc difference in slant between hiLI and short teueis in Upline 15, equation (7.5) yields an c slant 
L ,rei.r and rni l slant of 70. IVITic change in slam arises because *hc vertical velocity amplitude frctnmgetL 
Assuming that stylistic constraints require * constant writing slant, tme must escreisc cart in giving bc - 
Iween t ill and short letters Lo maintain slant. Since in leuer height modulation die vcrtkrid vclncity amplitude 
b in changed. it is required dial the horizontal verity amplitude o and phttsc difference $ also change to 
maintain a cxurstani slant 0. "ITic constraints on Idler shape and Idler sla nt can he ck pressed hy constants fc| 
liiiiJ hi respectively as follows. 
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ki = c— asintfr 


kj s 


b 

a cor 


From these two relations Uic letter height constraint implies that 


m 


b = ) col <$ 




lfa particular letter height is stipulated (namely 2t/w). then die phase difiereaoe A and die hcirLaonral 
velocity amplitude u are dmermiiied. A plm t>f different e cycloids satisfying {2.7) but with different phases 
and velocity amplitudes is presented in FLg,uic 2.7; t'ahlc 2.2 lists the relevant parameters, The pciccivcd slant 
and shape seem (ti be constant among the several plots 


Table 2,2 

not 

a 

L* 

b 

A 

29,28 

75 

10,72 

to 

32,66 

60 

23.09 

C 

40,00 

45 

4000 

n 

36.57 

30 

<$-2« 

H 

109.28 

15 

149.28 


An alternating pattern off's and f’s that preserves both stain and shape under amplitude modulation 
alone is illustrated in KiguiV 2-8. hlnartllning die velocity space cllspstti, both die aero emssin gs and the stupes 
at the ?cro crossings are (he vnoe for the e ancH ellipses- 

JTie slant equation (2.5) is independent [»T frequency, and it would seem that ifheiglil control were 
obtained with frequency irmdul.il Lon alone the control of slnnt would be simplified. 'ITiis dea works fine fur 
the vertical oscilntm, but the shape cunslntinl forces the hoi i.uumh': ■. - j.iII. k u.t m modulate hoih frequency 
and acceleration amplitude. It will be seen in Chapter 3 tbai eaptn mental measurements, on humans show 
a enroll mod amplitude and frequency moditbtmn Ln c 11 nr. i l: 1 Idler height, with frequency IHioduUlliou the 
prcdominilK influence- 
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(C) 


JJJUL 


(ft) 




17, A hajuvAvv of t Lyckwh wi|h 11 Hisi:i ii i Slum rm'Ji^iru 3 lhiilI iruitMuml vj,'mti,:nL vrfu.'it>' 

■ I. I.I ... In I lIiIIV'iv"! :ii r i ll .i ■-.! phj'A vili l s. 1lv |V i-i.l hlsur. ;U!l3 -'l- |V :ir ; ^ :i l iC 

iinn'i (hi.- |i;i»nncicrs lor Ikx’ -l j l-LmlIs iipprar in Ik wxi 

I fantiwrtfittg Control: ManifHiloitti^ she Velocity ~/m( raving? 

Hk pK-‘i-":>. ^i-JLiiHS-mi ivu'.sK li’.tl Hk 1 'liIvI ■.I' -e -V"v or p:ir:rrnniiH importance in 
the ending Ilf hiinclwriliiie (Hgjiire 2,9), Tt» Ansiind ^risinp. sli.ipc ilk value of (he- iHirLfiKmul velocity ai 
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Ail CSnllanion i'nreo of lhndwriKnE 




liliiirv 2.S. r.fUcr height modulation under L.tmsi Nii iiL^ uf constant Jam and vcnnail velocity zero 
cussing is achieved with amplitude modulation. Tlic ithn-iiy spate ellipses usi hil- left snow ilfrat 
iht- YciLicol veh..^iL;, /tru euxMiig value and slope uTe iBie Siiiiiv fur bulls e and J ellipWS, 


this /±rti crossing is allured. 'J t> cunlnil writing slant the slope uf the velocity space diagram at the Piero 
cncMHing is a|irr«|. Writing hciphl is controlled by frequency modulation, which eattnuL be distinguished in the 
velocity space diagram. or by amplitude modulation, ■which affects life vertical clun^mun uf the velocity space 
diagram, 


2.3 A Hern ate Osdlljliuri I'aitcniH 

'J'he flirting function need nut he si iilisi iid.il ri:-r the main conclusions (if this Chapter It) hold. i'Or Ct- 
traiplc. a reciunEufflracKkratitm pwuern (mi rise lime) yields triangular velocity profiles and a parallelogram 
in velocity Sffcicc (Tlgure 2-.IOAJ.The wiring produced by this oadlhitiuiJ pattern is a quite acpcpuhle chain of 
u'i I sing mice again die slope uf the velocity spare ellipse al the venial velocity zero crowing uS a measure of 
wuting stain. die slant angle k given hy tan tf = bfa. h»y eh opliy skill experiments for wiling slant have nm 
Iseen performed w ith synthetic writing prodticcd hy rocitingukir acceleration patterns to ascertain the validity 
of this mCiiMllC. IT ill is. measure is accurate. ihe iiidepcndence of slant on phase be nntcwoitlty. The advantage 
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I-ij-ui l- L9. MiinipulaiKJh nf ihr vcloiuj,- ^ihcl- diagram at me vertical velocity ■crosHing lead* 
Eu m (jOniftJ uf shape bj altering U k viiUik o'f dh- ?ern crofting, and {2) control slant by 
aluiing the Slope ai the jltu crossing. 


pf phase independent writing slant is a considerable simplification of control 

TrapCKOldal peaks have also been proposed as models uf the acceleration pauerilS in handwriting 
[MclTonafcl i%6|. ITtc slopes to die plateaus presumably model a linear rise time of the actuation 3’he effect 
of the linear rise time on the velocity space diagram is m found the corners of live rectangular pattern's velocity 
space parallelogram (Figure II m Ihhc rounding dtjn not occur at the vertical velocity mi crying, tbe 
writing slant is again given by tan 0 « fr/u, If (he rounding occurs through die ?t>n> erasing die writing slant 
becomes phase dependent os for (he sinusoidal ease. 

2,4 Nninort Iki naiul writing aits 

Other erplamitkms for writing slant have been put forth. Menttelslein |1*>A4| proposed that a nmat- 
LhLrgcnaE axes dupwiEiun could explain writing slant, ‘I he dam of the handwriting would follow die dtrocikin 
of the shined vertical axis. Kroni the previous discission it is dear that coopted esc illations cause as a side 
effect slanted writing* and that therefore d iHinurthogunaf joint disposition Ciinnirt .done account for writing 
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Aii OrfiliaMiiii ITiwo cf HandwrimiE 
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H p w J.HIl (A) Tnanfuktr wli Knl y pAnflta. itaiiliing Irurii j iijny.ijl:ir jhxvIfRilinii paLk'nK {#•) 
iIil 1 - vdi n'il) pnrlik^ aw ■nmmk'il wilti a irap^iHilil iEivk-vjLiun p:iiu.n'. 
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(■■juHprF III. Shear LriiMsfiifiiuitLi.m lor ;i nofidlthciecin^r j«HL #- Thu equations eDYcmunf. 
Lhis Lr*nsfl>mciLiun are: t' = t — y cotfl. y r = g cu££ 


stent. Arty shun from isnncifilw^onal sues must be added, to the sliiitL caused by coupled osciltaum^ 

Ihcie is a question ns u? huw tine can chsLiu.giiiisb these two contributions. If0 is the Angle the vcnica. axis 
mnkes with the horizontal Axis. ,ind if cycloidal velocity equations £.2.L> act alcmg the lumorth^onal a*e*. then 
ibe orthogonaSly measured: wlucilks arc! see bigurc 2.11J: 

x w aeinfwt + + c H|- ^ gj 

tv = bslntf finuf 

1'he velocity space diagram corrrspmiding to (2.&j is also an ellipse hut with aliened tilt and eccentricity. 
It is impossible to factor the product icosfl by miintpuluikons on ihc measured velocities 'Hiat is to say. 
there art infinitely many pdrs(M) (haL yield exactly the same writing, I hismullipliciEy may actually l>nse 
ur. ;ivjv;-nl.i:c foi -.iLU-iniii ih where Lin joint disposition changes 'xiLhin n wund' hr example, i ' ymi g l)Clwct n 
eitremes of a joint before rcfkwttimiing. The wiring however can be kept the same merely by adjusting t J tie 
issue of ntNWflhngtmal juts disposition rs discussed further m die I1CX-I chapter, hor the present the cMcnl uf 
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An GscillnikHi ITicory of Jland^ribnE 


ally CinnfaibuLkmi L>slant from Ti^ncnfLlit^miiI Jififi r-nn jinn an open LfLicHtmn. 

Another captajiiitioii for ^ riting slarU was pot forth by Mioiiisz and l.liitas [19V9|, who proposed that 
writing slsnt arose from compuUng delays in tire cerebellum. According to their theory an idcatlmd up-down 
movement gels transformed, into a slanted line because the t rajcclmy com p u fcitinn lagsilic act uni irajcctery. 


( hnplcrl 1 land wfiling wider a Spring Model 


The L-scirtaikm ihciu} in the feisi chapter indicates how handwriting cm be produced 'Hie am step is to 
propose how ihc theory could be implemented specifically b>' the human motor system, Ihinkular issue* that 
have to be resolved am the agent responsible for the oscillation, the nature uJ" Lite control variables, and the 
influence the control variable*, have on bringing about the various modulations. 

A recent theory nf motor control likens muscle to a spring system with variable mro selling [Feldman 
!VT4a, 1974b]. 'Ihis spring muscle miH-lel Isas a particular affinity to the oscillation theory of the lusa. tliiipter^ 
and provides a useful framework forconsidcringoiw way in which the human moim system might imp lenient 
this theory., Jn this chapter tin- issues of parameter control raised in tire previous paragraph arc developed in 
the context of (he spring muscle model. 


3.1 'Hie Spring Muscle Model 

1 The spring muscle model b a simplification of the length-tension curves of muscle- In Figure U Jcnsth- 
Eensipn curves under isometric contract kin at several firing Tates Tor the cat solcus muscle are shown [II ad and 
Wesbury I9fi9]. There is wane question as to what portions of the Icngth-lenskoa curves am used in actual 
movement. Some authors |/icricr L974, Hilt \VK. Cook and Stark 1967) maintain that the active portions 
occur near the length at which them Is irmimum isometric tension and which /.jcrler also calls the irstor 
Battmal length of muscle. Collins ct ill. 1*9751 on the other hand report that the linear portions at short muscle 
lengths arc used in eye movement: Feldman 11474a, 1974b] in his model of movement Also assume* the linear 
portions are active. 

|lic spring muscle model b derived by assuming muscle operates at the IInear short kngrh regjons. Ihe 
length'tension curves in this region am akci assumed parallel, although Figure 3.L shows a slightly Increasing 
*1ope with firing rate. 11 k simplified fciigih-lcnsior curves of agonlff and anUgonbt imrscks would intersect 
and overlap as in Ipgure 32: different fcnglh-tcmkm curves are selected by adjusting the muscle firing r*nc. 
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Ihndwii rm under t Spring Mndri 



l-iliiUL' 3LI. leryih'irtisicin curves from Lhc l'uI miens tmisde, from Rack and Wesibury IWi 1 *. 

Feldman J1974u, I974bj has proposed that movement arc executed by fleering a pair of agonist- 
ain.gnr.ivl length-tension curves that intersect al the desired position, 'ITiis process H ulustrsilcd in Figure 
3.2. Suppose the system is currently at icit^ih La under indervaikm rates for the agiutisc and nj fnr the 
antagonist. If the innervation rale of'the agonist is chapged 10 gti. a diflfcrcntagiQtiist length-tension curve is 
selected and die equilibrium tctt&th shifts to L t . Assuming no delay in tension development and ignoring 
velocity effects, the arrow in the Figure indicates the tension course. Iherc is an isometric buildup of ten sion 
from Fu io Pi fallowed by a decay to P|, where die tension in agonist balances the tension in antagonist. 

[lie curves in figure 3.2 lend to a model of muscle as a spring with variable /.er-u setting. Hie slope iff of 
Lhe curves rcpiesenis the spring constant, and the unable wro selling L s corresponds to die selection Lhf firing 
rale, The farce cicrLcd hy a muscle is Uuis/f[L L-]. 'I I Us simplified muscle model K schema! bed in Figure 
JJ. evli ich includes a passive damping factor £. ‘I'he equation of rmitmn For the spring system of Figure li b: 

mi = —bx + k v (x v — i} — * H [ss — t, l ) (3.1) 

In liar remaining portions uf thischapter WP neglect V1SHWS and pemsivc el.Ktk component*of muscle m mder 
to develop the m.iin points. 




ElandwriLi^f TJtlCtCT 3 Sgirin|, MftdCl 
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Kiuifc 12. The i^auitihrikink pom I of the inlLrccling knBih-Lti-sion dirw» uf Jiy.cinisl (g tiihol?.> 
iind LaHifliniFL in luK-fa) shifts fmrn U< ft U when Lliir tiring ate uF the ugirfiisi if. r^isi-d m.w«n 
Si lu $j lIh: onlugjunist ifte remains at «]. 



JUL A simplified nmM'le n»£N,ii.l *iih the tiillnwiiig parjineu'Ts: h is (he fiff pasawe 

damping, is the splint tfmsUinl uf tine iigunim. t h k lIk “pring ^"isLu-il u' LIk nnhujirtlsi. «i 
m, the riMSK x IS ih*.- hubs pi.K 4 iii.iiL, i,j is (3 k aj'.*i« Kiriabk- SLitiny^ J r . it MK aiiiagumsl 
variable /eft) selling. 


HauifwriiiHS with Ortha&tmit Spring Pom 


If hjindwriiiits is weaned by t*o onhngnnjil juinltk we on model the system hy tbe iKtiuu nf two 
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l"i|[iih' .U Tvm rnllKi^cHul f\iini uf spring ftn'i' ns 11 irasifcl for h;ni J*ri|mg, The y springs aet 
ent lIil- pen mitts m*. the x springs uct un Lhe mas tti, *Mrh is the sum of the pen mass ami 
tTvn y spring platform. 


urtl’ingjimaS opposing p;ii rt erf spri ngs (Kigure- 2.4}. The y hTmngi act on die pen mass the s frinjsxi on 
Hie pen maa;and un ilw y spring masses then-isc-kcs^ indi-tJiccJ by aunctnincTiis l<> □ platform of total nuss 
mourned with die pen mass and the y springs Neglecting viscous friction. the equation uf motion aiTU112 pen 
rmtss in the y direct ion is: 


*vy = KJvy — irt - *™ \fof - tU- 


(3.2) 


Absorbing the mass m., info the sp ring constants and Solving tins equation b^ 1 I .ilplaee transforms: 









I land* ilime under b Spring Vied-.-:. 
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” M -Jl - fe)+ (kM - IC " M - fa) + + ! (33) 


Kill Li-,. 






whereof = k Vltl + k , li6 ,. It is also more convenientto rewrite (J.J)inlhc following form: 


!/[*) = —^ ” fa) + + 

w v 


“I” *".^1 



EM 


where 


ij&in^ = ji(in}j 

_ „(y). 

According to the theory of die 3ml chapter the horizontal movement has a constant velocity sweep sir 
perim posed on tin osdllatiort, fhe justification as discussed in die next chaplet comes from the observation 
that the velocity space diagrams slay centered abeui the same point through all the different modulations of 
velocity for different letter shapes. TheeonSLanL velocity sweep is imposed on tiny additional change to the i 
spring. Km sellings. Setting -|- c{t — (f,) and *„(0 = T ?i + ^ *“ 'nld solving the equations 

corresponding 


i(i) = — coefw^t — tn) + flj) 4- 4 - t[i. _ t#}. (3.5) 

ia r “j 

where = A M + Ku and 

a-sin fa = i(lo} — 

, i j Vl 

dCOfiiC^y - uTyt y 

CJ| 

A Sterfomkat Agmifor the O^cilkukm 

When differentiated, equations (3.4] arid (.VSJnro die sumc ns lhe velocity sinusoids of equations (2.1) and 
(7„Z). A sinusoidal OSt iNiition arises from die spring musc le model as Hie simples! loeikul of operation. Once 
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iiu appiopriiitc sci of Initial conditions is set up, (he oscillation propagates indefinitely with the zero filings 
unchanged. Willi |bc orthogonal spring paint, a cycloid ensues in [he mamier of Figure 22. The agent for the 
oscillation under the spring modet is a purely mechanical cine, assuming of course no dissipation from viscous 
elements. If viscous elements were to be included. an active involvement of the control ten Lein m maintain the 
mechanical CKcillaLuin would he required. 

3.2 MoJuluting [.utter Shape Lind Height with Springs 

The previous section indecated diat control ling the vertical velocity zero cnossinas and controlling the 
vertical velocity amplitudes of a cycloid result m nniduiatiun of shape and modulation of height. The vertical 
vciocily /ero crossing was shown to be a ftmetEnn of the horacmlal velocity amplitude and phase. In the Spring 
model die amplitudes and phases arc controlled by adjusting the zero settings of the spring*. A difficulty 
under tliis spring model is that phase and amplitude cannot l>c controlled independently. In ruder to ach.evc 
a particular y.cm crossing, fur example, one has no search for the particular zero setting applied al a particular 
time (hat yields the desired product a sin p. In order to modulate letter height the modulation is best applied 
at the bottom comer at zero vertical velocity: the resulting vertical amplitude changes without phase change. 

It is a potential difficulty with the spnng model if a physical situation exists with w r ^ u? u and there 
is no way to make clicse frequencies equal, For tnsampfle. (he mass of (he writing implement,, the size of the 
limbs involved, and the fractional coiiLieL with paper arc subject to change und influence die frequencies, I his 
difficulty implies a need to he able to Adjust frequencies and lienee [Li vary die spring umsLiindi. A variable 
Spring constant model is considered in section ,1.1. For (he present discus-sion we awime fixed spring constants 
w ill] k ms tj .j. = ^,, ijr «sr J, ==? fc JFlll aildiU = 

A final issue before consideringcomer shape and letter height modulation is that a change in zero setting 
can be applied to cither the agonist nr anLigcmisL spring or tu holli at die saute time. As far as die mall tenuities 
B concerned these situations are all equivalent, Kkh mining for ciuinple Lire y equation (.1.4), the influence of 
die zero seLLings is given hy J 3/„)/2 alicr inking tnlo aocou nl the simpl ilkotions of the previous paragraph, 


liandwnpni ynijer n Spring .Model 


U 


ITtus for a given axis (here is Linly one funcliwiid control parameter, eurxcspiwdmB to die combined change in 
Jim scuin^ tif trnih springs, rhem Jl> zirise situations where a ?.cro selling change can he applied only to one 
spring in order to avoid the other spring from pushing .is well <is pulling- situations will nut arise in ihc 
following examples. and for simplicity we will assume the change m zero setting Ay «r Asp is applied to the 
agonist spring, 

Modulation of corner shape 

I o illustrate that the vertical velocity wmo crossing can be nuimputatcd by changing Ihc hu/izontal agonist 
asm setting, tllfl increments. Adf co x v required to produce Else ttunt of Figure 2 A an; presented. Ihe e 
cycloid Ls generated With initial conditions in fable 3.1. 'I"hc three increments At that bring about phase 
and amplitude changes in Table 2.1 corresponding to the u, (he it, and Ihe c are 1*967, 2.0, and 3.493 mm 
respectively In fact die writing in Figure 2.4 wzii generated by the spring model. 


Tulte 3.1 

Parameter 

Value 

Parameter 

Value 


-lJ mm 

y{t*t} 

■2-.S mm 

=T^il> 

b5,(3 mm/see 

y(M 

0.0 mm/soc 


4.(3 mm 

y-j 

5.0 mm 

3^i C 

-4.0 mm 


-5.0 men 

c 

20.0 mm/scc 

ia 

S,OcyeleB/sec 


AforfukUietn tif fetter Height 

We consider here how to produce die amplitude modulation for letter height that yields the alternating 
e’s and Ts uf Figure 2.8. 'Hicce are three eonsifiilmteon the letter height modulation: (1 Jibe achievement of a 
paiticulsr letter height, in this case a ratio of Sv'a (dose to the human average*, <2)a constant writing slant, 
and (i) a consent corner shape. Kormnaiely there zire an equal number of control variables, namely the zero 
setting changes Aj; and Ay., and (he time l, of (he A* citation. Ihe iutcrletier separation is hied by ihesc 
choicer ofparirtieteraard is not under independent control- 
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9lundwnling u-nkr a Sipfuly Model 


As mentioned in Chapin 2 die y mudulations aic best applied at points of zero vertical velocity, hctausc 
die phase change is dieit always zero and the maintenance of an even baseline is simplified. Under deceleration 
amplitude modulation Fur IctLC-r height die writing si/e is directly proportional to the acceleration amplitude. 
3Tie time of horizontal modulation is found to coincide with the point oF vertical modulation Itw increments 
Ay and At to die vertical and horvonial agunisi spnngs. ip produce die first I oF Figure 2.8 Is presented; in 
Table %X dung with the amplitudes and phases oF the corresponding cycloids. 


1 ablir 3.2 

Faramctci 

i = 0,0 see 

t ^03sec 

Ay 

0.0 mm 

10.24 mm 

Ax 

0.0 mm 

5.37 mtn 

b 

2Kjt mm/soc 

24 B .8 mm/sec 

A 

G5.lfrnun/src 

|40,7 mm/sce 

4> 

0.762 rad, 

0.330 rad- 


The slant of the resultant i is the same as the slant oF the e and the vertical velocity /era crossi ng has the same 
value Tor die { mid the e, 

Combined li&ghl inid Comet Shape AfinJukitlOft 

Ordinarily when modulating fttf height in upper /one letters such asf orfr no special corner shaping need 
he done by the horiznnUil springs. I''or lower Artie letters such as y and j on the other band a considerable 
degree of comer shaping is required. Figure 3.5 sjiuws that just u height modulation for a lower wnc letler 
does noL produce an JLvCp Lihle shape. unlike J height modulation For an upper zone lettci which produces all 
acceptable J, 

Obtaining a lower «mc kwp as in tin- letter y ^Figure 3.6) involves a transition from counterclockwise 
to ckickwise movement (hen hack From clockwise to mu mere lock wi?sc movement. A sJjFTicli liy resuhing from 
these transitions is creating enough horizontal separation he tween die y and die nesL letter e, and so Ihe 
'll 11 -. Ill i:F 1,1 must curl :i:ii.iiJ L:i make ti'c upstroke inure ivnpihniK In .a Iii-j-. :hesc :i. millions .inti 
spacing requires 4 hori/untal zero setting increments At in a spun of 15FI insect bringing about large changes 
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J'isuit 3 ,Sl IjtUcr height rnddiilarioii pmduett both upp^r and tower *jne letters. but the tow 
June Id ten jVquire s mudululiuP for shaping. 


in phase and very lu.rft<j horiwnial velocity amplitudes (Table 131 


I a hie 13 

lime 

Af 

A# 

a' 

0.43 secs 

2.0 mm 

24.S degrees 

67.5 rmn/scc 

0.74 secs 

-11.0 mm 

670 degrees 

164.6 tnm/scc 

0.80 sees 

E10 mm 

-14.6 degrees 

109,6 mm/sec 

0.85 sees 

-11.0 mm 

-41.7 degrees 

112,7 mm/sa: 

0.89 -iocs 

11.0 mm 

-21.7 degrees 

74.5 irun/scc 


Transitions brlwWu Cituaicirtucinrisf anticlockwise Afowntenl 

If one am ^Jftik dboul die relative difficulty in producing various lcllcis. the number of uunsHiuni be- 
:•>, «c 11 CO unlc re I *xk w i so and ek self w ISO mm ■ moms '.n ■. ' d i' ■ 1 i>.. .1 o : I ie Ie ■- C i ■ ■ ; I i 11- .'u. L> ■‘'■v- '< ' I ed ■■•. t h mu h 
a transition are usually largr phase and jimpltaidc changes, and one might construct a cinuplaiiw measure 
hosed on these chiing.es- Hy any such measure lower /one loups us in y would Ktiivc to he considered diffieoK- 
Anuiher difficult form is (lie leuer h (Figure .1.11, which rctiuixes two rtiunicrcUtwise/dcicfcwtie iriimitinns. 
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ratin' 3.6. Ariplihitk- muduJiiLkMi is used in pniWi: shon ;md lull leum in ihis wqumce eijjc. 

K;ilc ihc lIi: i I'l|i l in iJulll hL-Irtii'M jJ‘ii iff :ris.l lull JjI I yftj, 





I 3;in ilwulliifc under H Spring MtdiH 
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I'il4u«rv 3.7. Tht 1 klU'f A- prwiKs problems in pimluflfcm because lk! Lhe reed for several laruC 
plw« l+hWISl 


'|Thc first transition gnes mK> making the bottom cusp ccmniiift from the top loop. accomplished with 2 ilpjcL> 
spaced jnoduLnions resulting: in fairly large phase chants (table 14>. 'lire second hnnsilmn icOsircs (he 
sequence of e\ bud ul ihc aisi »fa very laigc phase change. 
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TuMe 3.4 

Time 

Ai 

ArJ 

u." 

(US rets 

- 5.0 mm 

lS5.2 degrees 

50.7 mm/sec 

HJ.40 secs 

-2.0 mm 

55.2 degrees 

20.3 nun/sec 

0.57 secs 

5,0 mm 

-113.0 degrees 

69.3 mm/sic 


In Chapter 4 some evidence will he presented thal fast hitman handwrilcTS achieve Speed by simplifying 
the script to dun inane ill clockwise movements. If om may draw an analogy between spring writing and 
human writing, the reason might be Out cmnlcreltKkwisc/cloctwhK transitions are too difficult To make fast, 

3.3 Variable Spring Constiml Model 

The previous. discussions in shis chapter look place in the context uf a spring muscle model with fixed 
stiffness. There =s reason ed presume that the human mmor system ean control not only muscle tension but also 
muscle stiffness. Ihcnc arc several reasons, why srifFncst regulation would he desirable from tfte Standpoint of 
the spring handwriting model. (IFITtcre is a need to equate horixoniai and vertical oscillation frequencies un¬ 
der different physical conditions, as mentioned earlier. (2) Stiffness regulation would provide another eon (.nil 
variable and would allow more ilcribiliiy in modulation. (3) If letter height antld be modulated hy frequency 
instead nf hy amplitude, Uien the slanL equation (2.5)- implies thaL ihc slant would nul change because slant 
is not a function Of frequency. Chapler 4 provides evidence that people use in paiL a strategy of frequency 
modulation for letter height. 

We take as an analytic rmKlel iff stiffness variation with slant an extra pointion from die length-tension 
curves of Hack and Westbury JlWJ 1 ]. If tlic linear portions of Lhcsc curves are extended they seem to meet at 
a point (Figure 3 J]l For the horiwintul antagonist spring for example, the dependence of the spring consent 
ta, j- of a variable stlflhess spring corresponding to ill is ray of straight lin «is: 

T n .* 

^7,N =- (3-ft) 

I.r IjLJ(1 

where *,».□ is the length tit which the rays intersect and is the Lension at * rJ «. !l should he emphasised 











I (a|id'A m. under u Spnra \1 chIlI 


3E 



KIeuit The lcnii!h-(C<!iKJi'i curies af Hiivk und. W«Hhiirv C whvn extendedI nnect at a 
pciinX. Tlw ilMpendcntr of ihe slope A„ m m ihc adjustable: T^ru selling p.i **n bn cha*wMn«a 
by T MiI /(*n — *",&)■ 

lhai the enact dependence of stiffness on wm selling fe not important for analyKing handwriting under a 
variable spring constant model, and ilie relation |3.« is ctioscn merely because k » convenient and because 
the literature docs not contain an alternative enprcsson. 

We iwxatninc ihe issue ef control c»f letter height, slant and shape raised in section 3.2. A set or initial 
conditions appropriate for this model arc presented in Table 33. 


Table 3.5 

Parameter 

Value 

Pitra meter 

Value 

SdjH 

20.0 mm 

1M 

200 mm 

..... 

^n.B 

-20.0 mm 

Jfri (1 

-2i2.il mm 

re*, 

L7.5 mm 


17.J mm. 

I n 

-17.5 mm 

Vj± 

'!7.3 mnt 

T 

* 4J,J" 

1233.7 mm/sec* 

^iiiff 

1233.7 mm/scc^ 

TV, 

1233.7 mm/scc* 

7fj.ii 

1233 7 miii/-9£C* 

2-( t|l) 

-03 L mm 


1 ,(> mm 


23.2 mm/sec 

v(M 

00 mm/scc 

C 

T.LS mm/scc 


1 - — 
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]lnnriwTili»£ ui6:; 3 ifi' i'u'' WlWlCll 





Figure .19. Idler hc-iyhi conln.il hy combined Frequency imd .inipNludc nuidulalion in a m ruble 
spnny. imidtl is iUusiraicd hy lhc syimheUL wriliitf. in the lyH.lt nn right diagram. Tup digram: 

vertical (A) :n::L I.1■::ii 4 M| i,vhjviiy 1 raves. shiiYHng frVk|iaC!Hy and amplii ndc nkxLabiitMi. EbjOorai 

k'ft: wluciti spuce diapani s&u^s Sbml und Shape va*islt;irr<B huvy been mei- 


Wilb these pjinjmclcni Ji intin ofe's k produced with the same shape as pnxiuccd by Lhc fixed spring 
model and Ur- paumeters of Table 11. When modulating I'nr lellcr height liumurt subjects typically decrease 
Lhc frequenc>■ by li factor uf and double die vertical veltjciiy amplitude (see Chapter 4 for the raperimen* 
till dflla). lhc increments Aj/ V and Ay., L It* die agonist and anEaguniLsi y spring can he chosen El) satisfy holh 
oondiiions ('Table 3.n). When modulating (he hufimmial springs to preserve skint and shape, the hoimintal 
frequency must also be made lit match die vertical frequency. The llcirirdalLil moduluLkin is forced fey die 
matliemaiics to occur as the same lime as flic vcrlicitl muduliilion. and the increments ii. v and Ai,, Ki the 
agonist anti i ii.ign liu r ■■ :trine- are p veil in Tahlc 1 u. I lie rest lit. in: wi rne appears 1:1 I iliiu- i.'J. Hie di.q-ic 
and sbm ennstrainss have been met Cable Mi shows that the t and y frequencies have been decreased hy a 
fiicuirof \/2, and ihe vetiieal velocity aiii]ilitiide lias been doubled. 
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Table 3.6 

parameter 

0,0 see 

0,4 sec 

a !At 

0.0 min 

‘2.08 mm 

Alfn 

0,0 mm 

3.00 miri 

^3 q 

493.S /sec 

269.J /see 


493.5 /sec 

224.2 /see 

Hw 

JOr /see 

5*^2 /SCC 

ib 

10* min/sec 

20* mm/soc 

4 > 

t/4 rad. 

0.464 rad. 


0.0 mm 

-2.2 B mm 

_ 

Aft, 

0.0 mm 

2.75 mm 

ifcij.ir 

493.5 /see 

25S.2 /tee 

Au.j 

493.S /see 

235.2 /«k 

“r 

LOr /see 

5vrv/2/sec 

o 

22.7 mm/soc 35.9 mm/sec 


A fYec uencv decrease by and a enabled vertical velocity Jimpli rude implies that the vertical velocity 
^mplit'i dL- increase is due- equally Lfl fl frequency mild ill atwn and an amlcratHJFi amplitude modulation, J hat 
is to say, a constant Kceleraiioft amplitude in nut maintained through a height modulation. Nevertheless the 
kleali/iHitin of achieving height muduhnion wih™i slant change by frequency modulation would have been 
obtaired if die hor™ntal velocity amplitude could have been doubled also and the phase difference Vept 
consitiniL. Urtrortunalely the shape constraint prevents this easy solution tor slant control, since equation (3 b) 
requires die phase difference to change and (he horixontul velocity amplitude to assume some value oilier Hum 
double the original amplitude. 

TvcveiUidcss there has been a net benefit is reducing the "dilficwhy" of kuer height mudulaiinn because 
both the huriHintol and vertical vclucity amplitude changes are half that in die fixed spring model, and the 
required phase change is smaller. 

3,4 Coaetit alien Versus Alternaic Activation 

far the spring model lus been presumed to ivnrk foy having huih springs OCIl three at ihc Same time. 
It is conceivable to have rmly one spring, rm at a time, in the simplest mirdc of operation the /.CTo settings i fl 
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i.nd.-r .1 Spring MwSd 


and^u or y^. and y tl wtHiW be equal. olid whenever the position passes through the £en> setting, the jurist 
spring is switched oJF and the antagonist spring cm, The equations of motion arc exactly the same os before, 
L’nocpi t]i.iL the frequency is, smaller by a factor of v'2. The control of hoth systems therefore is equivalent. It 
is possible to have a mode of operation where the antagonist spring comes on before the point of maximum 
velocity; hut analysis of Mich controls shows that maintenance of un even baseline is rather difficult because of 
the complexity of the equations. 

It is possible to use a scheme of switching between simultaneous and alternate agonist/aniagnnist spring 
activation to achieve a limited frequency modulation under a fixed spring constant model, A frequency 
decrease by v/2 would hy itself result in a doubled letter height. Any additional height modulation would 
require changing the vertical acceleration amplitude. 


Cfmp*cr4. txpcriBKintal Mcteurenicnlswiili IE unions 


3n this chapter am apparatus designed Iru accurate ineasunemcnL of posillon, velocity, -and acceleration 
during human handwriting is described. Measurements of human handwriting with Lit is apparatus are then 
compared against ibe mode] of the previous two chapters, 

4,1 The Engerirmcirtal Apparatus 


Afceiemti&n Measurement 

Measurements of acceleration during handwriling are obtained with accelerometers mnurtlcd tin at de 
gf« L>f freedom x-v sliding rail system (Figure 4,1). A linear bearing housing slides along the K-axls tod 
attached to a metal base. At die wme time the Y-axis rods may slide through the housing, ITrcrc are three 
degrees of freedom at the pen holder two stacked axial bearings fm Y-axis notation, a hinge joint for rotation 
With rcspecL to die end of the Y-ukIs rods, and a bromic bushing for rotation of the pen inside die holder. Flay 
i n die apparatus is nogl igiblc. 

Itie whole apparatus allows nearly friction less movement- Subjects reported no constraints on their 
writing movement, and no difficulties in grasping the pen near the holder, Tests showed that the inertia nl 
the apparatus did not affect the writing act. ’Ihe finger and wrist muscles ace evidently overpowered for Urc 
handwriting move men L 

r lfic acceleration ts sampled ul a rate of 251) coordinate pairs per second at a resolution of belter than D.d J 
g's. A simple ItC filter to the accelerometers with cutoff frequency J 5 H* removes high frequency paper noise. 
It n followed by a triangular digital filter with Nyquist frequency '25 1 k- 

This apparatus has some advantage over previous acceleration measurement apparatuses. Designs with 
areeicrometers, or force sensors mounted in die pen ICrauc and Savoie l'^7, Hcrbsi and I in l^7\ arc sus r 
ceptihle to orientation problems. Ikiiflc roll the pen in their fingers as (hey write and also change the pen 
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LvipLi uml Miji Measurements *|h lUmnars 



F'Ftunt i-f- * sin degree nf IFttdon j-j mit sysLem fur measurement of ^vdonnuH'i mid 

inclination: Lhc- sensitive ates nf Lhc accclcjofneterc nr force sensors change unpredictable and the data loses 
its meaning. Constraints imposed on subjects to obviate orientation problems interfere with the wriling act. A 
second class of apparatuses derive acceleration from position: Lhese include writing ublcts. electrolytic water 
tanks [MeIXsnald, Yasuharaj, teledclthos spark systems |J>cisicT van dcrOon and 'Ihnnugl, and a Sliding rail 
system with potentiometers [Kostes and ViL'dcnhregLj. Jhe time and spatial ivsnlutiu]] nf these apparatuses 
arc not currently sulfidem for accurate acceleration derivation: there is no choice but to measure acceleiatinn 
directly. Hie sliding rail system employed In litis thesis obviates the orientation problems with pen mourned 
systems, and provides an accurate and detailed record of the acceleration nf die pen tip. 

f'oiif tun 1 / nnttrvmvnts 


HKhsUion measurements are obtained with a Summnernphics 111 Data Table[/l}l£iiira.T.'!l!e writing tablet 
pen fils into the Irnkiet of die ricnMcmmctcr apparatus, Velocity is cstirruned by differentiating: position. 





]-^ pcruvri-ni.il Mcjs^icumEoii wlifi Hurruni 
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I'iyiiv 42. Vt-kvi!}- Girins derived fn.HH pusitWlii :■»! frown mivvktalKHi :#iow g*fod ^rreirtcnL. 
t>ii.il.il] LliltlraUuL'Ll ..wax* well *Ul» r»«v;isiir«i siLinknlwn^ 


Velocity estimated by integrating acceleration stows dose ^rrajicm to the position derived velocities (Hgure 
4.2). Also preseni in the Figure is tlw matching of measured acceleration i« doubly differentiated position, 
again drawing J1 guNid agreement. UlC sampling rate for position in 94 coordinate p.'LirK per second at H spjti.ll 
resolution «f0.l mm. A narrow Utimgukir filler was applied to the portion data to yield a smoothed velocity 
curve. A complete recording of a tiuudwrkkig movement is ilhistruicd in Ki®me 4J 
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L : ifimmcnl.il Vca sum menus wilSi [luiHUH 




ho-r 1 zont 
a z c e I , 


vertical 

position 





P^gWE 4JL A ci Ml ifil il r iVi.niL.liry, I If ,>u-fi hi siihj^x.’! KAS. 











iifWi-irtHrtlal MtaHunpmcnu wiLh llwrnam 


M, 



I'll^ire 4 J, AcrtleiWWMi piulik for n down-up Fingrr pkJi’LndEUi on pk'riglaRS by sjbjctl HOL 

The sharp negative acceleration peak? in R&urc 4J have been atiribuied to starir friaium at the tops of 
KirolCi where the velocity Is near ra [McDonald, Yaaituia]. My own experiments on the atMi hand mdtett 
thin the separate peaks arc at least not completely a friction artifact, Subject* were asked to male an uptown 
finger movement on plexiglass. With this arrangement there is negligible friction between pen and surface and 
■between fund and surface since the finger only are moving off the surface. Sharp peaks are evident in the 
resultant acceleration recording (Figure 4.4}, 

4.1 Measurements of I la ndwriling. 


/, A H IJtidprlyi/rv Oscillation 


The oscillatory nature of human handwriting is illustraied clearly hy simple pattens such as chains ofe's 
and u's, A typical example of such writing is presented in Figure 4.5. from the velocity traces it is evident that 
a constant frequency of oscillation is maintained through the extent of this writing. Whether tlte oscillation is 
sinusoidal, trapezoidal, or some other partem is a question examined more closely in scclfcm 4.J . 

I Til- frequency of nscilSaLkin is a strong function (sfJeLLer lieighi. Generally speaking, smaller frequencies 
are asjcciatnl with greater letter heights. For un alternating paitern of e’s and f's, such as the example of 
Figure 4.6. She frequency difference hciwCCIl Ite £ and i is typically around \ f 2. A fair degree of rbylhmic 
constancy is maintained among letter* of dtc same height. i.e„ the es are all made at (he siime frequency ='nd 
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lipcNmcni:,! MeaEwrummli wiih lt-jinim 



lijjjjfii 4.S. R.«fflrdin|c of a simip of lij sohjffln S.TR Tup diagram: VruiCdl (A) ;uid horijantal 
ilSJ YLiucuy [Fai'Li. ikjiKmi left: nebtfiy spiivc (luij^rjin. 

llig i s *irc -ill made j[ [he same frequency. Ihc issue of height control is dealt with more thoroughly in u tatcr 
soctitm of this chapter. 

2. tiarizvimt Mv.-fuhtkm qfShapi- 

Within a string of letters of the Si)me height, the frequency of oscillation is observed 10 vary somewhat, 
although the variation is within bounds of frequencies of Idlers greater of smaller in height I he mndcl of 
the previous chapter would lead nnt to ccpcci thui for Jcilcns- of a given heigh! a constant Ycrrico] oscillation 
frequency is mjiutiiipiod andd modulation of ihc htirl/imUil OStfillittiOfl ,iCtS independently (o shapi a letter. A 
reason lor iruinLiinmg, a nmstalU vcnkal frequency, il was Suggested, WiiS ttlSC of muilK,lining a straight base 





L&ptnmenlgl Mcnsuiaaeiics wuii liiimsin!. 


4S 



>ta 4A. A warding ofWcfc %' subject HOI and the nnciiiled velocity sputx- diflgffm sho^ 
cf sfemL Silmifc. and hurviMlal sweep velocity. T«ip digram: wrtKjl {At and hcinjtmuu 
(St I vL'bxicy traces I Mu Mil left: rekeity ^ dingfwn. 

To m^nnc frequency varimion among dirttrent letter, two Rumples of tdenarores arc presented in 
Figure 4-7. In Table 4,1 the frequencies and Jeiter heights for individual dowroup strokes is prewired fui 
each signature. Only down-up strokes that return to the am? height Are considered, In F^tirc JJA the 
strokes from the a l«j Ehe & and die stroke o ore roughly equitl in height, -and the Irequeiiieies range finrn 4,1 to 
35 Particularly for dice ihcrr hits been some modulation of vertical frequency, which shows that a vertical 
modulation participates wiLh lhc huny.rmiai modututhui for Icncr shape. lhc down-up stroke for Lite n- is half 
the height uf the previous strokes and has a oorrcsfrontlingly higher frequency 4,3, Similarly the clockwise 
du-wn-up stroke m the top of die n and the up-down sLrokc al Lhe brnmm of (he a, both of very small height. 
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fitpowntMilai MLaaurLiiiLiiu- wiili llumam 


W (B) A<J 


Fijy?re 4.7, [Aj Signature by Subject L.Ali, (.It) signutunr by HJbjecl STE, 


arc CKceuted at the high frequencies 6_3 and 6.7 respectively, 'Itie second signature in Figure 4.7H shows a, 
greater-degree of rhythmic regularity than (he previous example. The range of frequencies is lighL between 5.9 
and 6,3. Curiously the height variation is greater than the frequency variation. 


Table 4.1A 

Stroke 

1 -‘ri.'i|uCney (Hr.) 

height I mm) 

top of a 

fi.i 

0.4 

a 

4.1 

2.7 

a Id r 

4! 

2.6 

r to a 

3.6 

3.1 

0 

3.5 

2.6 

■rt 

4.9 

1.2 

bottom nf s 

6.7 

0.4 


'Id Mr 4. IB 

Stroke 

Frequency (Hz) 

Height (mm) 

c to I? 

5.9 

2.4 

V 

6.3 

2.1 

v to e 

5.9 

1.6 

E to ZL 

6J 

'1,6 

n. 

5.9 

2.0 

n to b 

6J | 1.8 


I Consimi HtmivMaf Velocity Swwp 

In Lite iiudjemaikil treatment. in Chapter 2 it was iuSSUiUKd dial tile writing movement could he factored 
into an oscillatory movement sitpcrimpused on a constant hnriwntiil velocity sweep. Ibis assumption was 
sobsuntially validated hy measurements on human writing. Subjects were asked to produce strings of letters 
Jtfefe. Ibe linear sweep Tor a given letter in die string was estimated hy filii-ng a least squares, ellipse to the 
velocity Space diagram. 'Ihe mean value fin Use consSaal ’■d-iniLy sweep r and Llic standard deviation c(£r) for 
the ieLLers within erne of these sLrings was tabulated in fable 4.2 fora number nf suhiects and fur 3 (rials For 
fiich subject: the units arc cm /sec. 



























Liipefimci*lal Measurements »n h Unmans 


SO 


rafale- 4-2 

Subject 

* I tfa) 

0 „ 


zero 


liRU 

9.5 3.4 

78,2 

4.6 

-10.8 

6.5 


13.6 

2.2 

70.2 

7.9 

'17.8 

10.3 


12,9 

2.1 

76.0 

7.0 


4 2 

OKI 

6.0 

1.1 

63,6 

9.7 

■m 

4.7 


7.5 

3.B 

65.0 

10.2 

■12-5 

3.6 


9.4 

2.1 

63,8 

6.0 

-lijo 

4.6 

HOT- 

11.5 

1.5 

74.5 

0.5 

■ 5.5 

IS 


12.0 

3.4 

76,3 

5.8 

■ 12.7 

66 


13.3 

2.4 

79.3 

2.3 

-8.7 

3.7 

VAR 

12.4 

3.6 

62.6 

6.9 

-12.0 

1.7 


12,7 

2.5 

67.1 

2.4 

-8.9 

4.3 


16.0 

4.5 

58.8 

2.3 

■9.2 

2.6 

MAS 

12,3 

2.3 

64,0 

8.4 

■1U 

4.0 


110 

10 

66.0 

1.0 

■7.0 

0.0 


17,0 | 1.4 

680 

4.3 

■5.3 

4.8 

mat 

28.0 

6.4 

63.7 

2.9 

■16,3 

4.5 

—__- 

26,J 

3.6 

64.0 

1.6 

■8,5 

1.8 


30.1 

4.9 

63,8 

1.5 

■14,8 

M ~ 

MCI > 

E9.0 

6.3 

39.3 

8.7 

■14.5 

9.2 


16.2 

3.9 

37.2 

9.5 

■290 

9.3 

- 

20.3 

5.3 

54.2 

8.2 

■27.3 

9,8 

$X) 

10.3 

1,3 

77J 

3.8 

-8.2 

1.6 


16.6 

1.6 

78.6 

3.9 

-15.8 

5,3 


16.B 

2.5 

76.4 

4,8 

-Sift 

2.2 

ST A 

11,3 

3.0 

55,5 

6.2 

-16,7 

7.0 


11,3 

U 

54.5 

4.2 

-20.0 

AM 


10.8 

2.9 

56,0 

3.3 

-IO 

4.4 

SIB 

12.5 

2.6 

32.3 

6.0 

■17,8 

5.8 


6.5 

4,8 

69.0 

4.6 

J 

■13,2 

2.3 


IIS 

13 

66.0 

3,6 

■16,8 

SO 

WOO 

11.0 

5,7 

67.5 

3.2 

-3.7 

2 2 


11.4 

1,5 

65.8 

3.2 

■6,8 

6.4 


13.8 

6.2 

66.5 

5.2 

■6.2 

15 


Itii’ jiumdurd dcviiHiinin show .1 fair degree of ciwfointy of* from tetter to letter within a gtocn siring,. 
Sumc yjjijqm showed n greater degree tiCcrnistnicy than other*. The same obscrvalbns upp-ly between wriLlog 
sampks for a ghtn subject The standard devfatluns arc actually less HtgniliLam ihun might appear beemw 
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I-'penmenial Mrajlircmcnlx wilh 11LmtanK 


iIk horizontal velocity amplitudes, nut indicated in Table 4.2, air typically around i titties greater (tun. (Ik 
constant velocity sweep. 

4, fieifhl Cwfral 

The theorcilctil treatment m Chapter 2 caamined two possible strategics for height control: modulation 
of SJllplitadc and modulation of Frequency. Actual c-xpciimcnljl mcaHiircmcnl-s, bidicatii Lha! both inudulallOrtS 
take place. Subjects were asked to produce a 6 letter sequence of alternating e's nnd t\ M ensuring each Idler 
from bemorn comer to bottom comer, the ratios ufl 10 c letter duratioEt, vertical velocity amplitude, and height 
were calculated and averaged over 3 I fiats (Table 4.3). Ihc averageuvef all subyecli is alto given. 


Table 4..1 

Subject 

Dural ion ratio 

Velocity ratio 

Height ratio 

MRU 

1-39 

1.75 

2.25 

GR! 

u$ 

1.47 

146 

HOI, 

1.39 

2.31 

2.92 

IjvR 

139 

E..99 

2.S9 

MAS 

1.52 

105 

2.71 

mat 

9.40 

1.81 

2J6 

S10 

1.34 

106 

2.52 

SIT? 

1.44 

134 

2.98 

uu. 

9 26 

1.85 

2.12 

GROUP 

3JS 

1.99 

2.55 


Ihe results show (bill vertical velocity amplitude is approximately double for die l us a nop; i red to the e. 
TIuk doubled amplitude is obtained in roughly equal mermne from a frequency modulation roughly pnopor 
t i.'i-JViil til %/innd an acceleration amplitude modulation roughly proportional til \/2. Flccause of (he double 
imegratitHI Of acceleration the proportion id contribution (O height for frequency vs, am pi iJude modulation is 
2i/2- 

Thc frequency modulation is not a result of I imilutioiVS in (Ik power plant, Monies involved in lli'ind- 
writing seem grossly overpowered fiir the tank. There are two pieecs of evidence for (liis aisertlon. (1) As 
mentioned earlier handwriting frequency was nol .iffcncd. when wcighLs were attached hr Ihc itccclero meter 

















IipcrinunlaS Mdvjrfflicr.a wilh Hunum 
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apparatus, {2) Hurndwriling frequency is independent of writing sire. This independence is an accepted 
observation in the handwriting Ultra lure [Denier van dcr Goll and lliurma 1965, VaSlihafd 1375] und is an ob' 
sjervatiem substantiated by my own measurement. Subjects were asked to produce the aLtcrnuting d patterns 
in different sixes, Ihc l height and the time required to produce one d pair were calculated and averaged river 
3 trials (Table 4.4). 


faille 4.4 

Subject 

l height tin) 

d time (msec) 

lift LI 

0.38 in 

1 


0.86 

435 

MM' 

0.14 

547 


0.46 

558 

SJO 

0.20 

403 


0.31 

423 

STE 

0.25 

522 


0.37 

503 


0.49 

498 


Table 4,4 indicates that the amount of time required to wTitc- an d pair is independent office over & factor of 2 
across a sampling of subjects. 

in f’i^urc 4U Lhc vertical acceleration profile for two different sixes of die same word, OTIC twice die size 
of die other, nearly overlap. Ihus the handwriting muscles are capable of wming UiPI tell?™ m Hie same Lime 
as short letters. Yet an e in lame writing similar in shape but taller dun an S in small writing is written in less 
time, in fact in precisely the same time as an e in the small writing. 

lire frequency modulation by a factor of v2 fits particularly well die alternate activation mode of the 
spring model. Presumably an citia amplitude modulation would he required heenuse of stylistic constraints in 
produce a sufficiently tail i. 1 ids magnitude of frequency modnlatiun is also well within tire range uf a tmnible 
spring constant rruvde). 
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figure 4JI- Ycrtk:il aCLckniliun profiles frurts mo iliiT.'icjii writing yw*s nf #l«I!. one double ihe 
other, by subjecL STE sIilih- .1 high of bnftt duniticm iigrctmenL. 

5, Skint Constancy 

The cstcnt to which subjens ntiijitained ctmfiiam slam during anting iv.u determined by computing 
the slum of individual icLiefr in the >cuu;:i:cc idde.. The slant of a Inter was computed by filling a least 
squares ellipse 1 1 > die velocity sp.sqc diagram somaptinding to dial tetter and hy determining Hie slant fmm 
|hc codficicnis of this ellipse, These measurements are model based in the sense dial a sinusuidiil riSCilliMii'ffl 
is presumed. to undcfly die experimental velocity space diagram. The results In Table 4.2 under die column ft 
and ill c expressed as a mqjin value nfsUiFll and standard deviation for lilt kllCTs in one sell Lienee f ride. 

Table 4.2 thrifts that there an? mixed nesulK with regard tu consistency of writing slant. For consksicfKy uf 
slant within □ single word nr idler sequence, some subjects during certain Irish had highly cunsisicnt writing 
slants with a scmdiird deviation bcluw 4 degrees. At die other ernreme some subjects exhibited poor slant 
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control with standard deviates above 8 degrees. Musi subjects Fell more in less between Uikc fsirtms, For 
consistency ol' slant between trials, the results ore also mixed. Generally the range of slant means between 
trials, did not meed. 10 degrees, with some subjects having a range of 5 decrees nr less. Finally, although ibis 
breakdown is not given in Table 4.2, the slants c\ were more or less the same as the slaws of neighboring 
rs. with a tendency in some subjects to make thee’s mntt slanted. 

It might be concluded that generally speaking people arc moderately successful at maintaining a consis¬ 
tent writing siaiiL 

6. Shape Constancy 

11 web suggested in Chapter 2 that shape control at top corners is related to the honjxmial velocity at the 
top vertical velocity zero crossing. To what Client is shape constancy maintained h going between c's and ^'s7 
In Table 4.1 die mean horizontal velocity al the vertical velocity if no crossing, labeled "aero" in Table 4.2, and 
the associated standard deviation am presented for the soq uence icicle. As opposed to the previous columns in 
Table 4.2, the zero values arc direct measurements rather than extrapolated values from a IcasL squares ellipse; 
the units arc nn/scc. 

A rough shape constancy is dcmuntiraicd by Table 4.2. Thus subjects seem to attempt to keep the same 
Kip shape when going heLween e'sand i's. 


4.T Discussion of Besides 


The forcing function 

A major advantage of the Spring muscle model is that a sinusoidal oscillation can be obtained with mini¬ 
mal cHort- Starting from an appropriate scl of initial conditions, a sinusoidal oscillation propagates indcliniicly 
with quite passive control; i e„ the zero sellings are not changed. I be main conclusions of Chapter 2 however 
arc nut dependent on the validity of the spring muscle model. A sinusoidal forcing function arising from active 
eeruril programming would also be subject ui the same dam, shape, and ligi&ht constraints as a sinusoidal 
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fijPCtioii ^'iTisinp from the spring model, Only the details of the nrodulatiiyns would differ. 

In terms uf the p4jsiLion or velocity record ing^ fur willing i>f a given height, the lit flf the Spring ffhxfcl 
and of the various (Lavpre gf step patterns is about equally good. Ac Inal velocity space diagrams are ambiguous 
with regard to being ellipsoidal or rounded parallelogram Figure 4,9 shows best fit ellipse and a best fit 
founded piuTalldograffl to Figure 4,5 atid the associated synthetic writing. Hath agree fairly we]] with the 
data. Less ambiguous is the diagram in Figure 4.10A, harboring a parallelogram hidden by a nearly collapsed, 
diagram, the tinrizunLal velocity, which lines not change the nature of the velocity Spare diagram, 

b rings ou t tire u nderlying parallelogram (Figure 4,1015), 

With regard to recorded accelerations. trapcroidaJ and sinusoidal patterns seem to fit the data for last 
writing about equally well. Wit:: piogiessivcfy slower writing, however. large acceleration plateaus emerge 
(Figure 4.1!). Assuming the underlying control iMdMB&n does not change with writing speed, an assuinption 
which seems bcun out by flic similarity uf Lhe acceleration profiles, the fast writing bursts would seem, to have a 
irapci-oidal basis, 

'I'tie sharp negative acceleration peaks, present in Figure 4.11 and in most other writing data, are foreign 
to buLh patterns, however. As indicated in SOutkm 4.1, these peaks are not just friction artifacts, IllCy may 
indicate a segmentation uf the acceleration profiles at the Lop corners: although the underlying potterri is 
continuous, it miglil he thoughl of as a chain nf down-up strokes. Some writing specimens may shew mure 
Uian two peaks pet hurst, however, and may show peaks in the positive bursts as well 

Two Joint tforiumtai Mmcmrn! 

A mechanical writing configuration of two independent joints, one eteruLmg an up-down movement and 
(he other a left-right movement, has been a frequent assumption in past hand writing research |KJcn ]%2. 
Mermclsiein E9f4. fX-nier van der Gon and lltuiing 1%5. Kttster and Y'redenbrcgt 1^71. Yastdiarji l^TSj. 
Up-down movements have usually been ascribed to the fuigers, hack-forth movements to the wrist. 1 have 
observed in subjects other configurations that yield an essentially orthogonal two joint iTio 1 ,ement. Involving 
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1 1 rill L- 1.9. <A) TIil vcnii iil BEMfemtkwi Lorrw^iridiiiu la Figure 4.5 is mure irufcnildiil than 
siiniMii<Lil. (Il> A bir* lii L-llipw jnd lire rcsidluiH wrishig. i A Itcfil In nmndkad jjanilkMjrain 

,-ind lii-./ filing. 
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I i"i.in.* 4,1 IK. Iv, pKuvv lifting (he In irL/< jnui vl+mlj [MlLem in (A). Lhu- [mrcilk'kmnim nuLurv of 
du v vdueiiy spuee dcigrcini (B) enn;esCih 

die cILkw and dbc slwulder. ‘ I lie [mclhort nf using die fingers ;md wrist also varies depend iiig. iin grasp and 
degree uf pnMhiikni. lefthanders &wwh (he rules of lingers and wtql Histh subject m<taA hfcely hii upon tfi-cir 
own particular con figufiilicHt, inseifti r is form ill hiindwridne instruction nonruilty amcm Lutes only chi Idler 
shape .nd not Lm the mechanism of mi ling |l Icrlrbcig 1926. Ilagim 1^76]. 
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Figure 4.11. Venkul iKcefcirawn firDfik 1 '. fp.ua three rasipEeS of ^l*!J wriLLfn 3d, different speeds 
shirt* trapeiCMtlal hursts. 


Thif disposition of ihd 1*0 joints need not be orthogonal. A joint disposition teflon be devised by asUng 
(bt siahjeci in pruducc repeiiioc down-up and tJvcn hack-forth movements. the angle between the two traces 
o|f lcn simitar III [Ik writing slant and may indicate the jmnt disposition. One might be tempted to say ^ 
subjects who evidenced a slanted down-up movement simitar to dieir writing slant that (he "Vertical joint 
accelerates along this slanted direction. 


I he agrecmciH found between writing slant and Ihr angle produced during up'dnwn movements by rer- 
tain subjects is also open to suspicion. Using just their fingers, time same subjects could produce any desired 
writing slant. This supports the notion that handwriting might actually he a three-joint movement: wo joints 
act as oscillatory i-y generators, a third joint produces a constant lioriwmhil sweep. Subjects find it pi*ssible 
LO dr:iw circles with fingers alirtK. st> that there arc at least two degrees of freedom here. 1 llliS may he coupled 
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with n hariMmial sweep a tbe wrist prat the- etbcw, In any tasc *hat one might Ik observing with diagonal iiLg 
up-dnwij movements- is simultaneous activation of the two finger degrees erf freedom; (he resultant line is in 
the direction erf the writing slant. 

More careful studies of (he joints and muscles used in handwriting, than heretofore conducted are re¬ 
quired to clear up the issue of wiitmg slant, In the absence of such a Study In [his thesis, all joints arc assumed 
ortbugonal unless, (here are compelling reasons to assume the contrary. In any ease the vertical record is 
tmaiFcc(cd save fors constant scaling, factor, and one is safe in matingargumentsbased on the vertical record. 

A decomposition of the huniontal movement into a linear component and a periodic component mate 
the idea of a Ewer-joint tuirimnCil movement attractive. ITte larger mure proximal jtunt would he responsible 
for the linear movement, the smaller distat joint for the periodic movement. The forearm with wrist or tingChS 
and tile wrist with fingers am two pairs that may satisfy die pro*irnal-distal joint arrangement. Indeed, one 
of (he subjects was Wgllt It? write with a constant forearm sweep. En any ease assertions in the literature diat 
handwriting is a two joint movement needs more careful study than has heretofore been given. The advantage 
of die three joint movement would be to simplify (he pnigramnaingorLhc horizontal movement. 

Clock wise i'HminaHon 

There are a number of modifications anci shortcuts taken by fast writers Is? standard cursive script shapes 
in order Ui adapL the shapes to requirement of speed and rhythm icily. In figure 4.12 the h in hr', the letter 
a, «td the ni in mm are examples uT nuidified shapes produced by three different fast writing subjects, live 
common fCiituie of UlCse liLL lts ill die E*almcr script is a clockwise movement' to round the top of (he a, and to 
produce ihe bottom cusp eunrers of h and m. In examining the velocity space diagrams for these letters by fart 
writing subjects, for exnmplc tiuic offt-i in Figure 4.12 IS, what stands out is Out clockwise movement hus been 
completely eliminated in fiivor t»f j uniform coliiiiltc lock wise movement. At must a straight line velocity spytee 
diagram is obtained, corresponding to zero piiasc difference between hori/ontel and vertical joints (Figure 
221 >): dl.it is to say, clockwise shapes line approximated with ail essentially rounded sawtooth pattern. 
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l-'I'-urLi 4,11, (A) The Il'illhi h in hi. *, *r»d m in rm* are tit nktlaflod Idler (bftfis by 

Jhfvc dWffcrl KbM wUflS, (B) flip wtocfcy uptre diu^n fur ’.he to sto** wily ut(.nikndart*ae 
immulunL. 





C.'hitinier 5. The Minimum Energy Movement 


1hough ain.sidrrable effort has been expended in UlC SLuJy of the huillurl motor system. the execution 
of even simple movements is not wcEL understood- One current theory holds that movements are memorized 
in terms of final position |lli?ji et al], The final position theory has as a basis the spring, muscle mirdcl 
discussed in Chapter 3. Referring to Figure 3.2. the final position theory maintains chat the position Li can be 
reached independent of starting position merely by setting rates nj and ^s. Ibis theory is interesting from a 
manipulation viewpoint because it obviates the need for precise trajectory calculation in the ease of single joint 
movement. 

There are many choices of agonEPanlagonlst length-tension curve pairs that have Li as equilibrium 
pesilion. One choice that Cou U be cupccicd to require less energy is .n r! which mirii- ye ihc isometric 
tensions. More generally, it is cunceivable that some complex sequence of innervation nates n,,g z might require 
less energy than a scheme which Selects the final length-tension curves immediately. 'Hie deicrmifUltCHI of this 
optimal innervation pallem is (he focus of this chapter, 

il .Spring Muscle Model Solution 

The investigated properties of muscle present a too complicated view for analytic treatment. Iltc plan 
here is to simplify the muscle mechanics until an analytic solution Lo the opLtmal energy problem is possible, 
then to examine if the nature of the solution is changed hy adding some of the excluded muscle properties. 

Referring tu foe spring muscle mudel of Figure 3.3 mid associated equation (3,1). define a conlnul variable 
U and a slate variable X as below. 



V 


V 


tl, 



X = 


as 


u « 


- 



*1. 


f 




- ErJ . 


Selling the m;HS rn — L die stale variable representation of the spring System is; 


(5 1) 
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X + 


-kt-kr.. ~b 


^1,1 ^71 


Mure compactly, 

X =± AX + BU 


(5.H 


(53) 


Muscle finersclia 

'JTlC energy t: expe nded during movement equals work plus heat Hie wort W may be subdivided into 
■conservative work performed on the mass rn and nomconservativc work performed on the viscous clcmcm. 
Tin isometric beat Qi is given oft" in maintaining die muscle at a particular tension jRj- The rate erf energy 
expend! Lure is thus; 


£ = Fljr (power) + q/Ji (muittfemwe heat rale) 

= (jpj 4- u)(^(tTj — It] 4- M*I ^)) ^ ^ 

where v is velocity and a a the maintenance heal coefficient, The two force terms have been summed because 
each contribute* n> energy hiss. We have excluded die shortening heal because the active damping was also 
excluded, end because there may be a theoretical relationship between the two [Huxley* Capton]* llw transient 
characteristics -of heat production have also been excluded. 

The Hu ter- Auf rilttgc fi*qualioffs 

The UHk mm is to find the lime varying control 1/(0 that minimi^s the energy used in moving between 
two points in a fired interval t>f time. I et V represent die energy consumed in applying the control V u* yield 
the ir jjceti: r s X. I iicpKiblem orromimkliig V is readily approached by techii iques of modern control theory. 
'Ihe fundamental equations dial the optimal concrnl £/£() must satisfy are derived Prom a Ihcomn from the 
rniA-iifMti/'iwinfiiiJHi 'Ihis theorem suites that in order to find die n-vecior that minimizes where 
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/ OCf 

LfX.Jrjjdi 


(55) 


suborn lo the constraint relations 


ft[x t X, 0 5= 0 i-l ( .„ t m£n 
then ,v[i) satisfies the liulcr equations 


(S.») 


6L"[X, X, t’ _ d eu[x, x,t) 

tiz L dt &i{ 


(5.7) 


where 


L'{X f X, t) - UX, ^, *) + L X, 0 (5.S) 

i—o 

and.Xj((}'sare the multiplier ftjnelionsISctuiltt and Mclsa.1. 

Applying this theorem to tlte npiimal control problem, the state equations X a* f(X, U, i) represent the 
cq u Jli L y constraint*. L repnhen IS the rate 0 f cha i!£C of a ncr£J) h’ 'RtC fhwulsotiiun H = L + \‘ / icp reten LS 
I5.SJ. where — [V X-i], ily applying the Euler equation forst for X ultd then for V , it can he shown thul the 
minimising satisfies the iollowing two Euier-tjr£j<in ti.c fo wsfiom ISciiulu and Melsa|. 

i - -H x (5-9) 

Hiii—* {S. 10) 


Th& SttftiHMri Pmapi? 

Ifccause L is linear in die com ml U. ihcrc will not generally exist m minimum energy solution, To obtain 
a re.jtistk solution, constraints must he placed on the control, The solution im thiscase will lie on ihe-Limstniini 
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boundaries [Bryson and Ik]. Constrainlion U< however, mate iL bnpossibic m diffltereDUatc H with rcs[>cct lo 

U. 

The minimum principle yf Ponu^Ln mnltcs it possible to priced from this point. Puiuryagin showed 
dial even if (he consul is constrained, one- still obtains a minimal solution by finding [he u n =■ ^(Jf, \ f (] to 
minimize ohe Hamiltonian //, but by inspection rather lltan by differentiation, After finding the minimning 
u r \ one forms// 0 = and then solves the fuf lowing, two equations [Schulz and MeM 

(5.11} 
(5.12) 

Theft are two natural constraints (hat full on due control V . Fire*, *hc spring cannnt push. 



i _ &II ° 

m 


{5-13} 

*,-«a >» ff-M) 

Second, springs have a minimum tension Lhaii they tan exert. Without (Iris constraint the solution -would 
involve an infinite impulse, For the moment we assume the maximum tension is constant and independent erf 
length: 


tt| — ii < cj (5. IS) 

H - (h S ft (5.18) 

where c i and c a arc constants. I he nise irf maximum tension varying with length is deferred until section S.2- 
A iitiupf. 'i’ttj.Ki- JBaiijj Sufoflon 

To fiicilisate inspection of the I lumiltoman, wO expand W = L into three lines, the first depending 

on tv,, the second m u-j, and (he third on neither control. 
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H = kj^ut — ri)(oHh + fcptfiPi — Wj)(gH -12 ~ ^ 2 ) + * 2(^1 — 5X?) (5.17) 

Tu mLnirtljM ff v^'lth respect to u. Ll WC uhscxv? chaL if a 4 -\- kj > 0 then H is minimized when uj ** ij. 

I fa + ii + Jv s <0 then H H minitniied with ti 3 = ej ■+ e L . Similarly it can tw shown for ua that when 
a + *j - *a < 0 ihc minbrtiiin^ uj lies at f 3 — eat otherwise ttj is at i|, CombiniiLg these resales. one finds 
a. bang-coast-bang solution to the minimum energy foe muscle mo'vefnent, 

Case 1: X-a < — (a -1- ^)- 

Then u L ™ X\ + Cfcj 1*3 — *i. 

Case 2: |fc 2 | <, (a + a). 

■ThensiL “ ej,^ = X|. 

Case 3; Xj (a -|- £2). 

"iTiqn. u L = i|, uj = i[ — t%. 

The Sohitivn Equations 

Substituting the min imping u n into F/, unc-obtains three hi notions corresponding to the three cases. 

Case l: H* — kfy{a. + & + hi] + b\ 2 ) 

Case 2: H*' = ^ l {\ l -bh) 

Cast!: => -+- fa — -f faf^j. — 

Hie differential equation (5.1 L) rind its solution becomes fur the three eases; 


X = 


'0 

□ 



faff) = 

1 i(f) = J i(4r) + 4- y — ^ 1 ) 


(s- m 

[5 19) 


w here e. = e, a net Jr == kj for case 1.; c — 0 for case 2; and e = — c-% and k « fc,, for ease 3. r ['lic lime ic 
iepresents the starting Lime Hie differential equation (5.12} and its solution ate; 
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MO = - ^ f ~ h> ) 


MO — MM 


(5.2P) 

(5.21} 


where c and k have the same meaning ik abuve eroept c = +£j fur rase 3. Since MO |S constant, it appears 
henceforth as ^ ^ithwH a time dependence, 

The Fxtrema! Versus Smaular Solution 

h is proven in appends A that diere are esaedy three events in the eitrema] bang-roast-bati* solution; 
an federation period., acnant period, and a deceleration; period. No mher Gombinatioinif bangs and coasts 
is mtniirii/ins- Ht™ever h a noncitrcmal minimising solution nsav arise imm a singular arc at die swribcl ing 
points. Ilic 1 LnmiEtcm iau (>. 17) has (he cunuus property that if Xj == [a + | then the corresponding control 

may take on any value and still minimis II. If a control can be found to maintain Tv* = \q + M for a 
finite drne imcrva3. then a non-mncmal solution to energy minimiyation might ciist. 'Hiis situation is called a 
singular arc and arises from a performance indci Linear in control but ■quadratic in state [Ihyson and H«l To 
maintain X a - |a + M for a finite time interval, all time derivatives of the two switching curves must be zero; 



(5-21) 


(5.23) 


df^ ”■ 

Carrying through the analysis for a singular arc at the first switching point (5.22), the lime varying force 
during the singular am is' 
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figure 5,1. The three fKBSfrfe ferns fer force in a singular arc Hiturion. 

Utifm Innately no sufficient condition has vet been developed to test whether a Kmgutui arr is mittirmiing, and 
one must compare va! jcs of ihe performance index fer specific parameter values fer the singular am solution 
versus the extremal solution. Depending on the choice of IKi the force (5.24) takes one of flic Uitcc forms in 
Figure 5.1. 

Of these forms only 4C hus. been found min inuring for some paramcLcrcumbmations. Tn search for such 
combinations, a set of parameters was initially deduced fnrwn Kaefc end Wcsibury (Table 5.1). The elapsed 
distance if and the elapsed time tj are variable arid have been chosen as 0.2 cm and fi.4 see respectively, lire 
initial and final velocities are assumed ncro, For the extremal solittlun bim^ntjasLlwiig there result il nonlinear 
equations in & unknowns from (5.1BH5.21) and the inilial conditions{i/, */). 


lulfo 5.1 

F K aTJirieter 

Value 

k 

7A 1 tg/cm 

m 

0 7 kg ( plausible value) 

if/ tn 

1 li> /so- liilnwcai !o gr. ef ■■ 0.5} 

e 

1.0 cm 

tff 

0.1 cm/scc (deduced from Wolcdgc) 
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For [lie Singular solution han&,4Ccoast.bar£ 15 nonlinear equations in 15 unknowns result from (5,1A)- 
{5.1JJ un-d die initial conditions, The equations were suited numerically by IMcwton-Kaphsncn and gradient 
methods. Individual parameters were vaned and energies of movement com paled from (5,4). Solving (5.4), 
the energy tor the ejtircmal siduLiuiii it 


E 5B= fe!((dij(ij) -f + kca[Ati + (5.3^ 


fthero (| is the switching, Lime from acceleration lo cesast, is the time at the end of drcctcniLu.ni, At\ is the 
duration of accekratirm. is [he distance moved! duimg acceleration, and is the distance mewed 

during deceleration. E 'nr die singular solution, die ene rgy is 


E == kt{Axi[ti} + AxtiU]) + M^i + + + t 5 ’ 2G ) 

where t\ is die switching time from acceleration to (he singular art 4C, fi is the siwiLehing time from 4(1 10 
coast, and t.j is the (ime at the end ofdrccteTation. The force ^(uj — *i) is given by {5.24I, while the velocity 

n(i) is: 


*(<) f= - 1) (5 J7) 

Tlic energies for die etlremul versus the singular solution are compared h Tables 5.2a-g: the units are 
Vg ern/kg wl In Tabk 5.1c die parameters and f> are varied simultaneously hui at a died damping iaLio of 
0.5, In Tables 5,2f-g the parameters k and & arc respectively set at 16 and 4 rather than at die I able 5.1 values 
where die enremal solution is minimimg over the whole range ntxj and a. The iniual values from I able 5.1 
arc siarrtd in Table 5.2. A singular solution become* minim king with high values of*, b. c, and t ft and with 
low values of cr and zj. As die parameters cause the const time to approach zero | higher b arid i/. lower k, c, 
,md it ). iln: singular and cureum! dilutions brcmne idem lent because the ■«.’ portion vanishes. 
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For the cKtrcmal solution il is proved in appendix II thal thene is an upper limit im the duration of 
coast- It is tempting ro speculate that ftm hinder coast durations a singular solution becomes minimizing, 
hut (lie singular solution in Table 5,2 is not always minimiidng under these conditions, l^rhaps 3 diflwnt 
aMflbiiiation oF bangs, crests, and singular arcs would then be mini mixing, but this remains an open question, 
Some combinations can be proved impossible, such as haog, 4C, coast, 4A-C, hang. 


Table 5.2u 

1 

Singular 

Fa e remil 

7 


0,708 

$ 

0.66117 

0,66106 ■ 

-id 

0.6173 

0,6164 

20 

0.5640 

0.5627 

JO 

0.5513 

0,5509 

40 

0.54554 

0.54552 

SO 

0.5423 

0,5426 

LOO 

0,5)6 

0.537 


Table- 5.2b 

b 

Singular 

Extremal 

2.3 


0 545 

2.4 

0.552036 

0.552034 

2.6 

0.5675 

0,5674 

TO 

0.6020 

0,6014 

4.0 

0.7045 

0,7030 

5.0 

0.820 

(1.824 

10.0 

1.45 

1.51 

ISO 

113248 

2,13246 

15.557 


2.4 


Table 5,2d 

c 

Singular 

Extremal 

0.7 


0708 

0,8 

Q.6M2 

0.6611 

*1,0 

0.6171 

0.6164 

2.0 

0.5640 

0.5627 

3.0 

0.5513 

0.5508 

4.0 

0.54554 

0,54551 

5.0 

05427 

0.5437 

6.0 

0.540 L 

0.5407 


Tublc 5Mb « k) 

1 

Singular 

Extremal 

7 

HMT 

0,664 

8 

0632026 

0.632023 

*10 

0,617) 

0.6164 

14 

0.6442 

06440 

20 

0.708 

0,725 
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laWc5.2K* = 16 , J 

„ 


Singular 

FUiremal 

0.006 

iliM 

0.0041 

0.050 

0.0*32 

0.0634 

0.100 

0.1925 

0.1942 

*0,200 

0.6*47 

0.66 SI 

0.300 

1.4*3* 

i .4620 

0.350 

2.0121) 

2.0072 

0400 

2.6B78 

2.6S25 

0.540 

*■** + * 

6.4593 


Faille S.2c 

<r 

Singular 

lairemal 

0J5 

*•!.**■ 

0.314 

0J6 

0.76133 

0.76122 

-0.40 

0.6173 

0.6164 

0.45 

0.512 

0.511 

0.50 

0,444 

0.445 

0.60 

0.358 

0.369 


Tab 

c3u2fif* = 10,6 = 4) 

a 

Singular 

KulTcmai 

0,06 

0.6112 

0.6 161 

-tj.ro 

0.6647 

06681 

0.20 

0.7974 

0.7981 

0.25 

0.8633 

0J631 

0.50 

1.1903 

1.1882 

1.00 

1,8393 

1.032 

3.70 

2.748417 

2.743411 

ISO 

***** 

2.B7B4 


5,2 spring Model Hela\ariOili 

A natural question is whether the minimum energy wiluiism is changed by incorpuratiiigii more realistic 
muscle model, For these rdajcaikmsnfthc spring model involving link X dependencies, the annwer is dint the 
ailutirns resnaius hang-cnasL-hung. The reason istlurt the Flamiliunian 77 remains linear in the control U, and 
the minim i/.iuL«n of If with respect to U occurs id fixed X. Whether the solution nisei ittmiins uccdcratiuTi- 
coast-dreeleratiun needs to he determined for each ease- 

Rchisatacms Lit die spring model involving X dependencies include the following.. 

/, P0siti(M\ I./fuils on Tetakm 

For real muscle the minimum isometric tension varies with position (Figure 4.1), ITik inukcsci andie* 
into fomctionsofii. hut the ciHiurofcwilk still fall at the eitrcmre wherever they are. 
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Hie Minim™ l^crg,* Mpvflntm 



Tenslon 


Illi«rv 5 2. Tension dtperdcinc*; err vrfodLy (Iblt ]U'3H>. 


2, Velocity Limits m Toulon 

Actual muscle exhibits a. hyperbolic force-velocity relation. Ef Fci is the isometric tension, dien the 
maximum force P that can be pioduced for a velocity v is [1Lill 19.18] fs« Figure 5.2): 


P-Po- 


v + 6' 


(5.2S) 


The term + a }/( u + &') C3n be considered the coefficient of active (bunp i rig. The ciseffieient £ has been 
determined ns .SSPu: (he force P then becomes P u — 3 V}P\\vj{v + h'). Jbe literature conflicts on the value 
of active damping during lengthening. For consistency wiefi the shortening heat (below), it is assumed die 
Same as active damping during shortening- 

Associated with Lhe active damping is an extra hc.it expenditure above Hie isometric bC;iL doc to short¬ 
ening. Ill is shortening heat race h [H ill 1964); 
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4 = ,16PoV + -l8F^ 


(S.S9) 


Ibc isometric Ileal rtaLC Q, remains ftp- bt:L hie pcwCi is now Ft/, Sub-dim ling die sum of Spring forces for the 
isometric tension ffc, and (5.29) for F. die energy rate is: 


I 45fr' 

L = {k y {ui — i t } + Mwt — — 0-09i3 +■ 


(5,30) 


Similarly it can be show that the equation of matron is: 



(5.31) 


When these terms are combined to form the HamLlumJan, lira control is seen to remain lirtcar, Hence the 
solution is CijUjC again bang-coast-bang. 

3. Spring Constant VtfriatMtis with Posit/to 

One way of bringing die simplified length-tension curves of ligure 4.2 closer tn those of Injure 4,1 is 
illustrated in l-’igure 5.1 The spring constant fc + varies with position, bu t at any given position the cunsiani fc, L 
b die same fur all controls it* Under Ihcsc conditions the solution remains buiig-eoast-fearifl,- 

4. Parallel and Series Elastic Fitntenn 

'Hie incorporation of these elements into the model is depicted in figure S.4. Since the parallel clahiie 
element depends only on position, ii dues not charge ihc solution. The series elastic elemen ts and the active 
springs may be replaced with equivalent Springs with constants k 0 ' ™ + ^,) and t„ = k r Jt,f{fc IL + 

fc,). 'Ibis modifucuLkuit also has no effort on the solution, 

5. Stjjffhess Krgulalion 


With regard to U dependencies in h'ipune 3.1 die spring constant fc„ is seen to vary with firing mlc al 
cu-;. fixed pi ,!K li-.-n. I' e lne.r ; a '.i.. i ihcsc length- It ilv nn curves when extended Seem la iillcswt i .r. n 
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IFyiire- 5.3. HjpcMlnrLicfll Icnjih-leiisiDn curl's wiLhi the porpeTiy (Fiat <il any givers kngfot ihr 
slopes Lire ihe iime for all choices 4jf u^. 



FiEurt S.4. An expanded masetg model niCMarpuriUinjj senes ektsuc cleniems t. jiihJ $ parallgE 
cliiwit derocril k v . 


common point (Figure J.S>. 


In (his circumstance the sprimjp. constant fc,i is Taj{vn — tin). The v>i icrnis of lire Hamiltonian H become: 
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■FT -— - {j| — tXi)(Q + I-i — ^2) 

Ua~flO 

= 75>{-3 + ^2 — —~ “0 ( 5 . 32 } 

W2 — ^ 

If a ■+- — \] > 0 then H' is minimized at ti s =■ *i; otherwise u 3 ™ *i — & 2 - That is 10 say. the 

solution fui u-a is exactly the same as in section V. A simiSar analysts holds for U L . Thus ihc minimizingpattern 
i.S also bans-ajiiSl-lMnfc. 




Oiup[£r 6. Concluding Remarks 


The oso iLiiii un theory of handwriting suggests that letter shapes emerge as individualJons of an underly¬ 
ing oscillation. The alternative view which is dispelled by this theory is that each letter has a scpainie motor 
program which can he invoked to produce that letter in isolation, and that the word formation process is one 
of Uniting together the motor programs for the desired lciicrs. In the oscillation theory' there is a preexisting 
and underlying repealed partem of letter shapes, for example a cycloidal drain cIVs for a janusoidal based 
oscillation, and that this pattern propagates indefinitely unless it is modulated. Rather than an active process 
of forming IcLicr shapes, there already exist letter shapes typical of die oscillation pattern and die modulations 
serve to remold the preexisting letter shapes into the desired letters. A modulation will change die underlying 
oscillation pattern to a new one, which like the old will propagate indefinitely unless i| too is modnlaied. in a 
sanursoidal based oscillation, for example, an original ecycloid can be modulated to an 1 eycLoid, anti after this 
mcdvlation the new underlying pattern is die f cycloid. 

In motor control wart one is used to UilnltiTig in terms of motor progrants, and hem the malar programs 
arc best coradere-d the sequence uf modulations. The underlying oscillatory process acts as an interpretive 
program that "interprets" the motor programs* w hich are die sequence of modulations, in the context of the 
current oscillation. 

In creaiing a ward a temporal sequence of modulations to some oscillation fwttcm must be set up. Even 
for writing single isolated letters web as an a an oscillation most be created and one or two modulations 
applied to Ll. There is a question as to die si?c and the nature of the conceptual unlL in band writing. Is the 
conceptual omr linguistically based, such ns it syllable or a word, or is ii ba.red tin some uHiitLalioii feature. Such 
as whether rhe movement h dock.wise or counterclockwise or whether adjacent letters have the same height? 
Fur typing it has been suggested that the conceptual unit is the word |rcfs]. and the fin&or sequence to produce 
a word is considered as a single motor program. What the conceptual unit m handwriting is m id whether it too 
should be considered a single motor program remains an open question. 


IS 


CoiKtudinj Remarks 


7fi 


Thi human motor system lus configures! itself to make foe handwriting act a relu.ilvo]y simple task- li 
has factored foe large rmmhro of degrees oF freedom of hand and arm into Just a few decrees of freedom that 
r^fiuir i lie ca-Mol :.f-i nd writing Cotqftd osci'l it ions in n and y directions produce d iv= T w corner shapes; 
a pmtitual third decree of freedom for a hnrbionul constant velocity movement separates the corners to form 
letters and words, The process of Letter shaping reduces largely to controlling the vertical velocity ?.ero crossing 
in the velocity space diagram: ihe intercept controls corner shape while the slope at die sero crossing, controls 
writing slant- Under the constraints of die cero crossings letter height re modulated by bofo frequency and 
amplitude modulation of the aeceleration. 

The oscillation-miKSulatLon scheme reduces die information processing requirements for handwriting at 
the expense perhaps of letter shape diversity. It might he speculated that a reduction of die information 
processing camplesjty for handwriting is necessary for thinking and writing at die same lime. 

AppUcati&m of ThisRestxiFch 

The rcflsfvr. for eliminating clockwise movements may be to reduce the number and degree of modulation* 
as discussed. in Chapter 4. It would seem that a new cursive script needs to he devised thai takes into account 
the ease of character formation with speed, llhc elimination of clockwise movement is a lireL step. Streamli n ing 
other shapes to eliminate excess curvature or cxeeviivc loup widtli would limit die amount of phase shift. A 
neutral rhythm, namely a sequence Ilf tup Litsp shapes, could then he set up that is easily moduhUed for other 
shapes; a small phase modulation in one direction would produce loops, in the other direction nmnded tup 
come no 

One possibility for a raw script is given in Figure 6.1 R. where the proposed script e complied with the 
Palmer scripL of I-lgore 6.1 A. "ITie clockwise lop roundi ngs of the Fulmer letters a, e. d, j. o, and q have been 
cliiiiinalcd in favor id a pattern which is essemiitlly a dosed u. ibc clockwise bottom loop* of letters p. j, 
and y hiLve been virtually eliminated in favor of a more angular bottom; it sfomid be considerably easier to 
follow diew letters with mi c, the ditliculty of which was discussed in Chapter 3. The duckwise bottom cusp 
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C^nfludinn Rfrr^rtg 
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l\w* fi.l. (4) bum hid hilmti «irsivc saipr; (HI A. proposi'd new script Dial eUmniates clockwise 

IKKWCmLUl 


comm of it, k. m. and n have been replied with a son of angler comer pnidiiccd when there is /fro phase 
■shift between joints, il* IcLtdr Jfc is somewhat problematical in a gnuntcn:hH:kwive scheme. If (he second 
down stroke more or less follows the previous upstroke, a letter form distinct from ti ctm hg produggrl. letters 
p, a. and a would also requited substantial modification, One pusslbility ftsrz is (it relate it to y in the same 


Uimckidinfi Kcir^rks- 
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way that g is related 10 g. 

Oik might speculate that the neuronal siwtura responsible for the owillatlnn and modulation com¬ 
ponents of handwriting are separately Wfintiiflbte, Handwriting has been used « a ton] for diagnosing, 
ne-jmlugkal diseases, and it may he possible to make a more specific diagnosis by observing exactly how the 
bn ndwritin e has degenerated. 

Suggestions fa furiber Study 

[he most pressing problem requiring further study is tire clarification of joint mles. More detailed, obser¬ 
vations than heretofore obtained of the hand during, writing are needed to decide such as whether a 
third degree of freedom Is executing a linear movement and whether the oscillatory horiiontal and vertical 
degrees of freedom are actually imnotihogonaLThe role of the thumb requires clarification. Ehc integration of 
downward pressure of the pen cm the writing surface w ith the plana r aspect of movement is also necessary. 

The nature uf the underlying oscillation also needs further clarification, such as the menu to which the 
oscillation Is mechanic ally based or actively progrwtimcd. The nature of the ibreing function k also unclear, 
whether it is sinusoidal, rectangular, inpHoidnl, or something else. The acceleration recordings show an 
asymmetry between positive and negative ventral acceleration burst. Ihc negative hursts tend iu show 
a separation into two peaks; die negative burst amplitudes show greater variittLht than Ihc positive hmvl 
amplitudes. This asymmetry is in need of explanation. 

lastly. this thesis has concerned itself only with die formation of lower caw script in the Palmer style of 
1’ng.lish writing 'I he estent its which ideas in this thesis transfer to die production of uppercase Palmer script, 
printing, or scripts Foi otherlanguages aich as Arabic, Hebrew, and Chinese, remains an open question- 
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Appendix A 


In this appendix Li k shunn there are only two bangs and one coast in the extremal solution: one aL-ceiera- 
Lion, fallowed by one coast period, terminated by unc deceleration. No other combinations of coaslsatid bangs 
are possible. To dcirwtstraie this is. the only possible combination,, it is necessary iu examine the switching 
curves and Iheir time derivatives 

Hie first lemma shows dial once the controL has passed from acccicTalion to coast, then the control 
cannot return to another acceleration but must proceed to dccfleratkn. The second lemma shows that once 
deceleration ha* siaited, the deceleration must continue until the end of the movement. This proves that the 
acceleration■onasl-decelcraLinn cmrihirtatioa is the CHlLy possible one- In the fullnwing.it is presumed that the 
movement sfcms with acceleration in the positive x } direction. Hence all velocities am positive. 

[.tmvtilli After acceleration, die glide penud cannot double back to anoLher acceleration. 

Proof The proof of this lemma proceeds by examining the time derivative of the acceleration-coast 
switching ctnvc (herttt: forth referred to as the slope of the switching CuivO). The slope Of Ibis curve is initially 
positive at the transition from acceleration (n coast, in order for another Accekratioji to follow the coast 
period, this slope must became negi'dive, leading to a contradiction. 

At the best switching lime (j tile acceleration-COfiSt switching curve i$ retfo. 


M*i) + * Hr — n 


(Al) 


After the acceleration peri od, Ihc coast equations are: 


Ht) - +■ y(I 


m 

(A3) 
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MO + « + *sW - MW '* 1- '' 1 + X t '(l -e" 1 - 1 ')) + a - (MW + «y “ ,_IJ m 


The slope of this switching curve is: 




At i = i|, the slope of the switching curve is: 


One can show this quantity cannot foe tea than. zero. Nest, suppose the coast doubles hack to another 
acceleration, At son* point the slope must go ih rough rtftk This timet is fenmd from (AS) as: 






m 


QscltX, -&*!#»>> <>- 

ThcnX^ti) +a > n. contradicting (A 1). 

Caw 2:h -*M*i)<* 

CrossrmiHipli>'ing(A7) and collecting terms, 

2fcM*j) — >,[ + fcn < 0. contradicting (Ab). 

Thus after moederation. the coast period mniM eventually arrive at the deceleration swiSching point, 

IftHtm J.- The movement is kicked in deceleration until the end. 

Proof: it will he shown lhat if deceleration ever swiLcheS US coast, then the slope of (he cuafil-dMClcraCinn 
switching curve requires an immediate return us deceleration. Hence the movement is locked in deeeferalinn 
until the end. 

Suppose there is a time i 2 when deceleration switches to coast. At this point the amE^ratowiun 


switching curve is zero. 
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Mfe) — a “ = o 


m 


The ttniisii switching cun>c hj(t] — >2 — iiff] is; 


4- ^(1 - - a - **&>“*-<■> 

0 


m 


The slope oF(A9}is; 


- K,) + b*}(h)r- l * , - i ’> 


(410) 


At time i 3 the slope (AID) 4 W^)rThin k positive since X^ffa) > ft, ijififl.) > 0. and A L < Q 

(Jemma. 1). This means Lhat deceleration would bevunc-c <j(f the -toast boundary and immediately continue the 
deceleration, Furthermore, since the slope is positive, the deceleration would net immediately switch b&ci; to 
coasting causing chattering. 
f.cmriftj 3: Xj <0. 

Prnnf: At the second! switching point fe we Uw? 


— a — *= O' 


(>n) 


From (A2J and (AJl} t this beenmes 


4 ^{1 — - Q 4 (Ivjfij) 4 a ) c -Kb-t.> = 0 


(A[l) 


y(i 4 4 <1 — c-W^jS) 


(A 13} 


Rearranging, 




jipcniLl.il A 
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Flora. (AE) H nnd (A3) we And an expression Tor ^(0- 


— ““a — 


ib 


[-AH) 


Substituting into (A 13), 


h. j 1 _ — e —A) - 4 * e -*Cii—h) J) 0 [1 4- )) (. A J 5) 

'Thus 


Wl „ + e-K^-nl) + ^(1 + 
~ t — itffe-ii) 


im 


Since Lhi numerator H positive and the denominator is negative, Xj Is negative. 


Tflltcn together, these lemmas show that acceleration pulses through coast to deceleration. 'ITicrc is no 
posable variation in this scheme. Ei is also possible to show the movement cannot start by coasting followed by 

acceleration. 





Appendix B 


A surprising limitation on the value of ti — i L . the duration of die coasting ume r has been found. The 
switching curve during acceleration is: 

M0 + “ + z+ q + ^(1 - e -*C*-*0] (SIJ 

The slnpc nf Shis nwLtdiirtg Curve is: 

- *j - V,) + Vi e_[1<l_±o3 (K) 

At she first switching time i], the switching function (Rl) b rero. Rearranging OU) for t = ti* 

- Jl+VV ,, ^ (S3) 

Substituting (R3) j3Ltu{D2), the slope at i\ is: 

-2Vi {i - <- 11 - >,j - bn (J54> 

Substituting for *i from (M6), 

ViP — + e ^*< i !^h3_ ( .f(b-hJ) _|_ 2tn fr>eh 

e&ifa-StJ „ i 

Since slopeff i) > 0 and since the denominator is positive, so is die numerator. 

— c -fin-i.>)(2 4. e -W2-h) „ ^ra-siij + jia > ^ (flti) 

35 
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IJeeauHc 2 e — 1 Kij— i-0 — f i) j* a decreeing fmtcLiori of t% at some [WiLll (BG> boccjrcies zero. Solving 

then for 

Kla _ t „ _ fa + >/jsr + g t {f—«-*i‘'-w )] z '+^i(i - (-w=g)? m 

^(1 — 

flA h Increases ti will decrease. However, ii dues not decrease enough to offset the cffrci of flic f 2 increase. 3f 
o as 0 ? (B7) reduces to 

j (131 a) 

Strangely, Lb this cireumsiaoee^ — t* depends only on ft. 






